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One Lagrangian for electromagnetic interactions is given by

L1/2,1 =−1
2
(∂νAµ)(∂

νAµ)+ ψ̄ (iγµ∂µ−m)ψ+ eψ̄γµψAµ (1)

Another Lagrangian has the form

L1/2,1 =−1
4
FµνFµν+ψ (1γµ∂µ−m)ψ+ eψγµAµ (2)

where
Fµν = ∂νAµ (x)−∂µAν (x) (3)

and x is 4-dimensional spacetime. This form of the Lagrangian is used more
in practice, as it admits local symmetry and allows renormalization.

Klauber shows in section 11.1.2 that when 3 is inserted into 2 and the
first term expanded, that we get

L1/2,1 =−1
2
(∂νAµ∂νAµ−∂νAµ∂µAν)+ ψ̄ (iγµ∂µ−m)ψ+ eψ̄γµψAµ

(4)
This Lagrangian gives the same field equations as 1, when we apply the
Euler-Lagrange equations with the Lorenz gauge

∂νA
ν = 0 (5)

The Euler-Lagrange equations are

∂

∂xµ

(
∂L
∂φr ,µ

)
− ∂L
∂φr

= 0 (6)

where φr is one of the fields (A, ψ or ψ in this case) and the subscript ,µ
indicates a derivative with respect to xµ. With φr = Aρ we have

∂L
∂φr ,σ

=−1
2

∂

∂Aρ,σ
(∂νAµ∂νAµ−∂νAµ∂µAν) (7)
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To do the derivatives, we can note that
∂

∂Aρ,σ
(∂νAµ) =

∂

∂Aρ,σ

[
gανgβµAβ,α

]
(8)

= gσνgρµ (9)

Also
∂

∂Aρ,σ
(∂νAµ) = δρµδ

σ
ν (10)

This follows because the derivative ∂
∂Aρ,σ

picks out the one term in ∂νAµ
where ν = σ and µ= ρ, since we’re considering all terms to be independent.
By similar reasoning, we have

∂

∂Aρ,σ
(∂νAµ) = δνσδ

µ
ρ (11)

∂

∂Aρ,σ
(∂νAµ) = gσνgρµ (12)

Returning to 7, we then have

∂

∂Aρ,σ
(∂νAµ∂νAµ) = gσνgρµ∂νAµ+∂

νAµδρµδ
σ
ν (13)

= Aρ,σ+Aρ,σ (14)
∂

∂Aρ,σ
(∂νAµ∂µAν) = gσνgρµ∂µAν+∂

νAµδρνδ
σ
µ (15)

= Aσ,ρ+Aσ,ρ (16)

Inserting these into 7 and then taking the derivative ∂σ to get the first term
in 6 we have

−1
2
∂σ (A

ρ,σ+Aρ,σ−Aσ,ρ−Aσ,ρ) = ∂σ (A
σ,ρ−Aρ,σ) (17)

= ∂ρ∂σA
σ−∂σ∂σAρ (18)

Applying the Lorenz gauge 5 we see that the first term contains ∂σAσ = 0
so we have

− 1
2
∂σ (A

ρ,σ+Aρ,σ−Aσ,ρ−Aσ,ρ) =−∂σ∂σAρ (19)

The last term in 6 for φr = Aρ is, from 4

∂L
∂Aρ

= eψ̄γρψ (20)

Thus the field equation due to Aρ is, combining 19 and 20:

−∂σ∂σAρ+ eψ̄γρψ = 0 (21)
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or
∂σ∂

σAρ = eψ̄γρψ (22)
This matches the field equation from earlier if we take the electromagnetic
source to be jρ = eψ̄γρψ.

Now we consider the other field equations derived using ψ and ψ in 6.
For φr = ψ, we have

∂ρ

(
∂L
∂ψ,ρ

)
= 0 (23)

since there are no derivatives of ψ in the Lagrangian. For the second term
in 6, we have

− ∂L
∂ψ

=−(iγµ∂µ−m)ψ− eγµψAµ (24)

Combining these we get the Dirac equation with interactions

(iγµ∂µ−m)ψ =−eγµψAµ (25)

Finally, if we use φr = ψ, we have

∂ρ

(
∂L
∂ψ,ρ

)
= iγρ∂ρψ (26)

−∂L
∂ψ

=mψ− eψ̄γµAµ (27)

Combining these gives the adjoint Dirac equation

iγρ∂ρψ+mψ− eψ̄γµAµ = 0 (28)
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