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We’ve looked at the Feynman rules for QED without loops and with loops

before, but it’s useful to consolidate everything in one post.
The Feynman rules for QED in general are as follows.
The S matrix element (transition amplitude) for a given interaction is ob-

tained by first finding all the topologically distinct Feynman diagrams for
that interaction, typically up to some order (as there are an infinite number
of diagrams if we extend the analysis to all orders). The S matrix element
Sfi to get from the initial state i to the final state f is then found by follow-
ing these rules.
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whereM is obtained from the Feynman diagrams, Pf is the total final mo-
mentum, Pi is the total initial momentum, V is the volume of interaction,
ωkkk is the energy of a boson with momentum kkk, m is the fermion mass and
Eppp is the energy of a fermion with momentum ppp. The delta function ensures
overall conservation of 4-momentum.

ForM we have

M=
∞

∑
n=1
M(n) (2)

and M(n) is calculated from the Feynman diagrams with n vertices (or
equivalently, the nth order terms in the S operator expansion).

We now consider the determination of each of theM(n) from the corre-
sponding Feynman diagrams.

1. For each vertex, include a factor ieγµ, where e is the electron charge
and γµ are the gamma matrices. The index µ is a dummy index and will be
summed over later.
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2. For each internal (virtual) photon line with 4-momentum k include a
Feynman photon propagator

iDFµν (k) = i
−gµν
k2 + iε

(3)

where gµν is the metric tensor for flat space and ε is an infinitesimal.
3. For each internal (virtual) fermion line with 4-momentum p, include a

Feynman fermion propagator

iSF (p) = i
/p+mI

p2−m2 + iε
(4)

where

/p= pµγ
µ (5)

and I is the identity matrix. Note that SF is a 4×4 matrix.
4. For each external fermion line in the diagram, write a factor of a Dirac

spinor u or v or its adjoint ur = u†
rγ

0 or vr = v†
rγ

0, where r represents the
spin state. In particular:

a) For each initial fermion, write ur (ppp) for an electron and vr (ppp) for a
positron.

b) For each final fermion, write ur (ppp) for an electron and vr (ppp) for a
positron.

Remember that these are spinors, so each contains 4 elements. The fi-
nal form of the transition amplitude with involve inner products over these
spinors resulting an ordinary number.

5. For each external photon, (both initial and final), write a factor of
εµ,r (kkk) where ε is a polarization vector and r denotes a polarization state.

6. The spinor factors (γµ, SF and spinors) are ordered so that, reading
right to left, they occur in the same sequence as following the fermion line
in the Feynman diagram in the direction of arrows through the vertex. Note
that positrons have arrows in the opposite direction to electrons, and it is
these arrows that determine the order of factors.

7. The total 4-momentum at each vertex is conserved. Note that, due to a
mathematical convention, the 4-momentum of a virtual positron is given as
the negative of its actual value.

8. For each closed loop of internal (virtual) fermions only, without pho-
tons as part of the loop, take the trace in spinor space of the resulting matrix
and multiply by −1.

9. For each 4-momentum q which is not fixed by 4-momentum conser-
vation, carry out the integration 1

(2π)4

∫
d4q . . .. This integration is done for

each closed loop.
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FIGURE 1. A fourth-order Feynman diagram for e−e+ scattering.

10. The fermion spinor factors must be placed in the same normal order
in each sub-amplitude. As fermions anticommute, we must multiply by −1
for each interchange required to achieve this.

Example 1. Consider electron-positron scattering (Bhabha scattering). One
of the fourth-order Feynman diagrams is shown in Fig. 1.

Time flows from left to right, so we have an incoming electron with mo-
mentum p1 and an incoming positron with momentum p2. Two virtual pho-
tons are exchanged, and then an electron and positron leave on the right.
Note that the virtual positron between vertices ν and µ actually has mo-
mentum p2−k, but due to the convention, it is written with the negative of
this. By checking all 4 vertices, we see that momentum is conserved. The
delta function in 1 above ensures that the total final momentum Pf = p′1+p

′
2

is equal to the total initial momentum Pi = p1 +p2.
To apply Feynman rules to this diagram, we begin with the incoming

electron and positron on the left. The amplitude is to be constructed from
right to left and we must follow the fermion line arrows through the vertices
µ and ν. We get for this stage, applying rules 1 and 3:

i3e2vs (p2)γ
νSF (−p2 +k)γ

µur (p1) (6)

We then have the two virtual photons, so we apply rule 2 twice to get

i5e2DFηµ (p1 +p2−k)DFρν (k)vs (p2)γ
νSF (−p2 +k)γ

µur (p1) (7)

Next, we deal with the virtual electron between η and ρ and the final electron
and positron. Applying rules 1 and 3 again, we get

i8e4ur′
(
p′1
)
γρSF

(
p′1−k

)
γηvs′

(
p′2
)
×

DFηµ (p1 +p2−k)DFρν (k)vs (p2)γ
νSF (−p2 +k)γ

µur (p1) (8)
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Finally, we note that the momentum k is not determined by momentum
conservation, so we must apply rule 9 and integrate over k. Since i8 = 1,
this gives us the final result

e4

(2π)4

∫
d4k

[
ur′
(
p′1
)
γρSF

(
p′1−k

)
γηvs′

(
p′2
)
×

DFηµ (p1 +p2−k)DFρν (k)vs (p2)γ
νSF (−p2 +k)γ

µur (p1)
]

(9)

Note that there are implied sums over the dummy indices ρ, η, ν and µ,
as these indices are repeated between the DF propagators and the gamma
matrices.

There is also matrix multiplication between the spinors, the SF propaga-
tors and the gamma matrices. To put in these indexes explicitly, we have,
for example, that γνSF (−p2 +k)γ

µ is a 4×4 matrix (recall from 4 that SF
is written in terms of γ matrices). The adjoint spinor vs is a 1×4 matrix and
ur is a 4×1 matrix, so the overall product vs (p2)γ

νSF (−p2 +k)γ
µur (p1)

reduces to a single number. There are 16 of these numbers, since each of µ
and ν can take on the values 1 through 4. It is these indexes that are then
summed over when we include the DF propagators. The same applies to
the term ur′ (p

′
1)γ

ρSF (p′1−k)γηvs′ (p′2). Because the DF propagators are
diagonal (they depend on the flat-space metric gµν), only those terms with
η = µ in DFηµ and with ρ= ν in DFρν will contribute to these sums. Thus
the final result is, in fact, a single number rather than a matrix or spinor.
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