GREEN FUNCTION FOR THE KLEIN-GORDON EQUATION
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The standard mathematical definition of a Green (sometimes written Green’s)
function G (x, s) is obtained from an operator equation:

Lu(zx) = f(x) (1)

where L is an operator and f (x) is a known function. The goal is to de-
termine u (z). To this end, we define the Green function G (z,s) as the
solution of the equation

LG (x,s)=0d(z—s) (2)

where 0 is the usual Dirac delta function. This then gives us u (z) by inte-
gration:

u(w):/G(m—s)f(s)ds 3)

This can be seen by applying[2] We have
Lu(x):L/G(:C—s)f(s)ds 4)
:/LG(x—s)f(s)ds 3)
:/5(x—s)f(s)ds ©)
=f(z) (7)

It is implicitly assumed that we can take the operator L inside the integral,
since it operates only on the variable x and not on s.

In quantum field theory, Green functions can be applied to equations of
form

Lp=0 ®)
where L is a (typically differential) operator. In this case, the Green function
is defined by

LG (2,y) = =0 (x—y) ©)
1
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[Note the additional minus sign in front of the delta function.] In this case,
it seems rather pointless since, with f(z) = 0, we can’t use [3| to obtain
u(x), although [1|is still true. The Green function method does have a use,
however, if the equation has a source term .J () so that we have

Lo =J(x) (10)

In this case, the method above will give us ¢ provided we can find the Green
function.

As a simple example, we’ll consider the Klein-Gordon equation with zero
source. This is

(000“+m?*) ¢ =0 (11)
The Green function is defined by
(3aaa+m2) G(z,y) =—0(x—vy) (12)

This might not seem to get us anywhere, since it’s not obvious how we can
solve this for G (z,y). However, we can Fourier transform this equation to
get

/d4m (8a80‘ +m2) ekt (r,y) = —/d4$ eikxé(x —vy) (13)

(—kz +m2) /d4x kTG (z,y) = —e*Y (14)
(—k*+m?) G (k,y) = —€™*¥ (15)

where
G (k,y) = / &z G (z,y) (16)

is the Fourier transform of the Green function G (z,y). This transform con-
veniently gets rid of the derivatives, giving us the purely algebraic equation
[15] which we can solve to get

eik:y
k2 —m2
We can now do an inverse Fourier transform to get G (x,y). [The ic term in

the denominator is added to allow a contour integral, after which the limit
is taken as ¢ — 0.]

G (k,y) = (17)

1 47, —ikx A _ 1 4, €M)
=G (z—y) (19)
— Ap(z—y) (20)

Multiplying both sides by ¢ gives us the Feynman propagator for scalar
fields. This propagator is then used with the Feynman rules| to calculate
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transition amplitudes for various Feynman diagrams. Thus even in the case
with zero sources, the Green function does have an application. Given the
amount of work we had to do to calculate the propagator originally (see here
and the pingbacks listed at the end of this post), the Green function gives us
the result much more quickly.
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