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Feynman rules for QED can be used to construct the Feynman transition
amplitudes for all orders in the expansion of the S matrix. For some terms
in the expansion, the integrals involved turn out to be infinite. We’ll look at
these cases here in a simplified form.

As our example, we’ll look at electron-positron scattering, also known as
Bhabha scattering. The infinities arise in fourth-order diagrams (diagrams
with 4 vertices). The first such diagram is shown in Fig. [} Using the
Feynman rules, we can construct the transition amplitude for this diagram.
Working from left to right, we begin with the fermion path to get
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We then multiply by the photon propagator between vertices v and p, where
by conservation of momentum we have k = p + p»:
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Next, we have the loop of virtual fermions between vertices p and 7, so we
apply Feynman rules 8 and 9 to get
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FIGURE 1. Photon loop.
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Since the momentum p is not fixed by 4-momentum conservation, we must
integrate over it. Also note that, for the virtual positron, its momentum is
actually £ — p, but due to the mathematical convention, we write it as the
negative of this.

Finally we have the virtual photon between 7 and p, and the two final
(real) fermions. This gives us the final form
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where the last form is obtained by using i® = 1 and noting that there are 4
factors of e.

Although we’re not at the stage where we can actually evaluate the inte-
gral, we can get an idea of how it behaves by using power counting, which
involves seeing how it behaves for large values of the integration variable.
The integral in[5|involves the fermion propagator, which as the form
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We want to see how this behaves for large p. The term p in the numerator is
puY", so it behaves like the first power of p. We can ignore the «*, m/ and
m? terms as they are negligible for large p. For a 4-dimensional integral,
we have for volume element
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Thus the integrand behaves like
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By the power counting estimate, the integral diverges like p?.

The second integral arises in Fig. [2|
Here, the incoming positron emits a virtual photon before interacting with
the electron. Conservation of momentum gives p = pj + p». Using Feynman
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FIGURE 2. Fermion self-energy.

rules, we can construct the amplitude. We get
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The integral of concern is
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The photon propagator has the form
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so the integral behaves like
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Thus again the integral diverges.

Finally, we consider the diagram in Fig. 3] Klauber calls this a vertex
loop, although this isn’t a universally accepted name. We get:
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FIGURE 3. Vertex loop.
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The integral is
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This integral also diverges, although less drastically than the other two.
Note that the lower limit of 0 [I8]isn’t relevant here, since we’re consid-
ering the behaviour at very large values of k.

These three diagrams illustrate the need for renormalization to remove
the divergences.



