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The Lagrange density for the Schrödinger equation is

L
(
ψ,∇ψ,ψ̇

)
= ih̄ψ∗ψ̇− h̄2

2m
∇ψ∗ ·∇ψ−V (x, t)ψ∗ψ (1)

Also in the earlier post, we showed that the Hamiltonian density works
out to

H=
h̄2

2m
∇ψ∗ ·∇ψ+V (x, t)ψ∗ψ (2)

Integrating this over space gives the result

H =

ˆ
d3x

[
− h̄2

2m
ψ∗∇2ψ+V (x, t)ψ∗ψ

]
(3)

=

ˆ
d3x ψ∗

[
− h̄2

2m
∇

2ψ+V (x, t)ψ

]
(4)

=
〈
ψ
∣∣Ĥ∣∣ψ〉 (5)

We can work out the energy-momentum tensor for the Schrödinger La-
grangian.

Tµν =−gµνL+∑
σ

∂L
∂ (ψσ,µ)

∂ψσ
∂xν

(6)

In this case, there are two independent fields: ψ and ψ∗, so the tensor
comes out to (raising the second index):

Tµν =−gµνL+
∂L

∂ (∂ψ/∂xµ)

∂ψ

∂xν
+

∂L
∂ (∂ψ∗/∂xµ)

∂ψ∗

∂xν
(7)

The form in Greiner’s eqn (10) raises the ν index. It also interchanges µ
and ν on the RHS, so he states
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T ν
µ =−δνµL+

∂L
∂ (∂ψ/∂xν)

∂ψ

∂xµ
+

∂L
∂ (∂ψ∗/∂xν)

∂ψ∗

∂xµ
(8)

Although it’s not obvious from the definition 6, it seems that in most
cases the energy-momentum tensor is indeed symmetric (see, for example,
Wikipedia). For the Schrödinger Lagrangian 1, we can show by direct cal-
culation that Tµν is symmetric for spatial components. From 6

Tij =−gijL+
∂L

∂ (∂ψ/∂xi)

∂ψ

∂xj
+

∂L
∂ (∂ψ∗/∂xi)

∂ψ∗

∂xj
(9)

=−gijL−
h̄2

2m

[
−∂ψ

∗

∂xi
∂ψ

∂xj
− ∂ψ

∂xi
∂ψ∗

∂xj

]
(10)

= Tji (11)

The minus signs
inside the brackets
come from
∂ψ
∂xi

=− ∂ψ
∂xi

for
spatial coordinates.

However, it is not symmetric for mixed time and space coordinates. For
example, using 6

T01 =
∂L

∂ (∂ψ/∂x0)

∂ψ

∂x1 +
∂L

∂ (∂ψ∗/∂x0)

∂ψ∗

∂x1 (12)

=
∂L
∂ψ̇

∂ψ

∂x1 +
∂L
∂ψ̇∗

∂ψ∗

∂x1 (13)

=− h̄
2i

(
ψ∗

∂ψ

∂x1 −ψ
∂ψ∗

∂x1

)
(14)

T10 =
∂L

∂ (∂ψ/∂x1)

∂ψ

∂x0 +
∂L

∂ (∂ψ∗/∂x1)

∂ψ∗

∂x0 (15)

=− ∂L
∂ (∂ψ/∂x)

ψ̇+
∂L

∂ (∂ψ∗/∂x)
ψ̇∗ (16)

=− h̄2

2m

(
−∂ψ

∗

∂x1 ψ̇−
∂ψ

∂x1 ψ̇
∗
)

(17)

Greiner then shows (using his version of T ν
µ in 8) in his eqn (11) that

T 0
0 =

h̄2

2m
∇ψ∗ ·∇ψ+V (x, t)ψ∗ψ =H (18)

Thus T 0
0 is the energy density.

Greiner also calculates the energy flux, which he says is defined by

https://en.wikipedia.org/wiki/Stress%E2%80%93energy_tensor
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S = e1T
1

0 + e2T
2

0 + e3T
3

0 (19)

=− h̄2

2m0

(
ψ̇∗∇ψ+ ψ̇∇ψ∗

)
(20)

Also, the momentum density

p = e1T
0

1 + e2T
0

2 + e3T
0

3 (21)

=
ih̄

2
(ψ∗∇ψ−ψ∇ψ∗) (22)

This is −mJ, where J is the 3-d probability current.
Using the original definition of Tµν in 6, the definitions of S and p would

be swapped. I’m not sure whether the equations in Greiner are typos or
whether there’s something deeper going on here.
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