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We can write the force on one current loop due to a second current loop
in a symmetric form by combining the Biot-Savart law and Lorentz force
law. The force on loop 1 due to loop 2 is
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The magnetic field produced by loop 2 at a point r; on loop 1 is
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If we define r = r;| —r;, we can substitute this field into the force integral
to get
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where we’ve used a vector identity in line 2.

Consider now the term dl; - . The dl; is an increment along loop 1 while
r; is held constant. Thus dl; is the change in r as we move a bit along loop
1. The dot product dl; - t is the component of this change that is parallel to
r; that is, it is the change in the magnitude (as opposed to the direction) of
r. We can therefore write

dly -t = dr (6)

The first term therefore becomes
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where we’ve taken dl, outside the first integral since the point on loop 2 is
held constant in the inner integral. The inner integral is zero, since we can
split the closed loop into 2 parts, one from point a to point b and the other
from b back to a by carrying along in the same direction around the loop.
The first integral is
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That is, it depends only on the value of r at the endpoints and not on the
path taken between them. The integral on the reverse path is therefore just
the negative of the first integral, so the integral around the closed loop is
zero. We therefore get for the force
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If we interchange the loops to find the force Fz on loop 2 due to loop 1,
everything is the same except that f becomes —t, so F, = —F| which is an
example of Newton’s third law (equal and opposite forces).




