MAXWELL’S EQUATIONS IN MATTER
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Inside matter, we’ve seen that the polarization and magnetization give
rise to bound charges| and bound currents. The earlier results applied in the
electrostatic and magnetostatic cases, respectively, so we’d like to general-
ize these to get the corresponding equations in electrodynamics.

For a medium with polarization P and magnetization M, the static cases
are

~-V-P = p (D
Ph = o )
VxM = J, 3)
Mxh = K, 4)

where pp, and o, are the bound volume and surface charge densities and J,
and K, are the bound volume and surface currents. These equations assume
that nothing changes with time.

Now suppose that the polarization does change with time, so that P =
P (). Considering a small cylindrical volume element with an axis parallel
to P, there is no bound surface charge on the sides of the cylinder, and on
one end 0, = P and on the other o, = —P. If P increases by AP over
time At then the surface charge density also increases (or decreases, at the
negative end, but both ends increase in magnitude) by AP. This change in
charge density must be due to a current density J,, parallel to P of amount

3= - )
ot ot
This current density is called the polarization current. It is a current that
is not present at all in the static case, so it’s a new current in addition to the
bound current J;, and free current J .
If the magnetization changes with time, this will change the bound cur-
rents J; and K but it doesn’t introduce any new currents into the system,

so the only change we need to make in a dynamic system is the addition of
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the polarization current J,. The charge density p is thus still composed of
two contributions:

p=prtpp=pr—V-P (6)

but the current density now has an additional term:

J:Jf—i—Jb—i—Jp:Jf—FVxM—i—% (7)
Gauss’s law in matter can thus be written
V.E = ﬁ:l(pf—V.P) (8)
€ €0
V- (eE+P) = pf )
V-D = py (10)

where D = ¢gE +P.
where € is the permittivity of the medium and is constant everywhere in the
medium.

Ampere’s law with Maxwell’s correction must take into account the po-
larization current, so we have

OE
VXB:MOJ+M0€OE (11)
oP OE
—MO(Jf_’_VXM‘*_E)J‘_NOEOa (12)
Va (LB-M) =3, + 2 (E+P) (13)
1o BT
oD
VxH=Jp+ 5 (14)

The other two Maxwell equations don’t change, since they don’t refer
explicitly to charge or current. Thus we get Maxwell’s equations in matter:

V-D = ps (15)
V-B =0 (16)
OB
\V4 - =
x E = (17)
VxH = Jf+a—D (18)
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For linear, homogeneous materials, the polarization and magnetization
depend linearly on E and B, respectively, so

D = ¢E (19)
H - ' (20)
I
where
e = eo(14xe) (21)
o= po(14xm) (22)

are the permittivity and permeability of the material. Maxwell’s original
displacement current, eg0E/0t, becomes 0D/ 0t.

Example. Suppose we have a large parallel plate capacitor embedded in
sea water and maintain an AC voltage across the plates, so that

V (t) = Vocos (2mut) (23)
In terms of the conductivity o of the sea water, the current density| due to

conduction is J = ¢E and for a capacitor with plates separated by a distance
d, E(t)=V(t)/d, so

J = %VOCOS (2mut) (24)

The displacement current is

oD
Jg = — 25
d 5 (25)

oF
= e— 26
“or (20)
= —ZWEV% sin (27vt) (27)
The ratio of the amplitudes is therefore
1

J o 28)

J_d T 2rev 2mwevp

where p is the resistivity of sea water.
Plugging in the values given by Griffiths, we have p =0.23 Q- m, € =
8leg =7.17x 10710 m3kg1s*A%, v =4 x 108 s~ ! and
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J
— =241 29
7 (29)
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