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We got the equations for reflected and transmitted waves when an electro-
magnetic wave is incident on a boundary head-on. Using similar (although
somewhat more involved) methods, we can solve the general case where a
wave is incident on a boundary at any angle.

Suppose the wave vector of the incident wave is k; and the boundary is
located on the xy plane. The incident wave is

B, = Eolez’(kprfwt) (1)
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where the direction of polarization is given by the direction of E ;- At
this stage, we don’t know the direction of either the reflected or transmitted
waves, so we can just write them as

Er = Eg,elkrret) 3)
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&mzihxm (6)

The speeds v; of the waves are determined by the medium and not by the
direction of the waves and since the frequency w is the same for all three
waves and w = kv, we get

kv = kgu (7
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where n; is the index of refraction.

This gives us the magnitudes of the wave vectors, but not the directions.
To get those, we need to apply the boundary conditions for zero surface
charge:

e Ff—eEy = 0 (11)
Bi—Bs = 0 (12)
E|-E] = 0 (13)
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—Bl——B] = o0 (14)
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where the subscript 1 refers to fields in medium 1 (z < 0) and 2 refers to
medium 2 (z > 0). That is

E, = E;+Ep (15)
E; = Er (16)

and similarly for B. Thus all these boundary conditions have the form
Alei(k[-l’fwt) + ARei(kR-l‘fwt) — ATei(kT-l‘fwt) (17)

for coefficients A; that vary, depending on the boundary condition being
imposed, but that don’t depend on r or ¢. The space and time dependen-
cies are entirely within the complex exponentials. Since we’ve taken the
boundary to be the zy plane, z = 0 in these equations, so they become

Ajei(ijm—i-k‘]yy—wt) +ARei(kax+k:Ryy—wt) — ATei(kaa:—HcTyy—wT()lg)
A[@i(klzx+klyy)+AR6i(kRmx+kRyy) _ ATGi(szm+kTyy) (19)

These equations must be valid over the entire xy plane, so they are valid
forr =0ory=0:

Aleik’1$:v +AR€ikR$I — ATeikwa (20)
To see what this implies, consider the general case

Aeiax + Beiba: — Oeicx (21)

for all x. That is, both sides are the same function of z, so they must have
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the same Taylor expansion. Starting at point x and expanding to get the
function at = + Az we get up to first order in Az:

A (1 +iahz) + Be™ (14 ibAz) + O (Az?) = Ce'* (1 +icAr) +O (Ar?)

(22)
Using [21] and cancelling common factors we get
aAe' 4+ pBe* = cCel" (23)
= ¢ (Aem n Be“m) 24)
Ala—c)e ™ +B(b—c)e®™™ = 0 (25)
This last equation must be true for all x so we must have
a=b=c (26)
Going back to |19, we therefore must have
ke = ka = ks (27)
kry = kry=kpy (28)

If we choose axes so that k7 is in the xz plane, then k and k must also
lie in the same plane. This gives the first law of geometrical optics:

The wave vectors of the incident, reflected and transmitted waves all lie
in the same plane, and this plane also contains the normal to the boundary.

If the angle of incidence is 07 (that is, the angle between k; and the nor-
mal to the xy plane) with p and 67 the corresponding angles for reflection
and transmission, then from |8 we have

krsinfy = kpgsinfp (29)
= kysinfg (30)

sinff;j = sinfp (31
0 = 0Og (32)

This is the familiar condition for specular reflection: the angle of inci-
dence is equal to the angle of reflection. This is the second law of geomet-
rical optics.

Finally, for the transmitted wave, from |10, we have
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krsinf; = kpsinfp (33)
— 2 isingg (34)

n

Siﬂ@[ ny
= —= 35
sinfp ny (35)

This is Snell’s law, or the law of refraction, which is the third law of
geometrical optics.

We haven’t actually applied the boundary conditions yet, apart from [20}]
but we’ll look at that next to get an idea of the reflection and transmission
coefficients.
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