HILBERT SPACE - POWER FUNCTIONS
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In physics, Hilbert space|is the vector space of all square-integrable func-
tions. For the function f(z) = z¥ (with v a real number) to be in Hilbert
space on the interval [0, 1], it must be square-integrable over that interval.
We have [} 2 da = 221 /(2v + 1)} which is finite provided 2v+ 1 > 0
orv>—1/2.

The special case of v = —1/2 gives

1
/ Ve = 1n3:|(1) (1)
0

This diverges at z = 0, so f () = 2~/ is not in Hilbert space.
For v =1/2, f(x) and z f(z) are both in Hilbert space, but f/(x) is not,
since its square integral gives the logarithm referred to above.
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