ANGULAR MOMENTUM: ADDING SPINS IN ARBITRARY
DIRECTIONS
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Reference: Griffiths, David J. (2005), Introduction to Quantum Mechan-
ics, 2nd Edition; Pearson Education - Problem 4.50.

As a generalization of the problem in the last post, suppose we have two
spin 1/2 particles (say, a proton and an electron) at rest (so there is no orbital
angular momentum) in the singlet state, given by

V2|00) = (T1da — T21) (D

where the suffixes on the arrows indicate which particle is in that state. Sup-

pose we have an operator Sc(,l) which gives the spin component of particle 1

in direction 4, and similarly Slgz) for particle 2 in direction . How can we

find (50"s;” )2

First, we define the components of the unit vectors @ and b:

4 = 1isin@,cos O —|—fsin 0,sin @, + kcos 0, 2)

b = isin@,cos oOp —|—fsin 0}, sin @y, +kcos 0, 3)

The angle 0 between d and bis given by their scalar product:

cos @ = d- b = sin B, cos ¢ sin B, cos Py, + sin B, sin @, sin B sin @, +cos O, cos O
@
Now, to calculate values of spins along the directions d and » we need
to express the spinors of the particles in general spherical coordinates. This
was done in an earlier post, so we can quote the two eigenspinors from there
(using the second choice of phase):

r (6/2)

x! = ( ¢ 5in(8/2) ) )
r e ¥sin(6/2

xﬁ) - ( —cos((G//Z)) ) ©)

Since we have two particles and two different directions, we can write
1
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(a,b) cos(6,/2)

A+ = ( ¢! 5in(6,/2) ) 2
(ab) _ ( e Persin(6,/2)

X- = ( —cos(6,/2) ) ()

where the a,b notation means to take either a or b on both sides of the
equation (the same letter on both sides, obviously!).
To proceed, we need to express the singlet state in terms of xia’b) and

X(_a,b)

state for particle 1, 1, has S; = 71/2 and is represented by the spinor ( (1) ) ,

. To do this, we use the same procedure as in the last post. The up

so we have:

(80D Vaa(Cme ) (1) o

where we need to solve for ¢ and d. Doing this, we discover that

¢ = cos(6,/2) (10)
d = e%sin(6,/2) (11)
We can solve for the down state || in the same way. Clearly, the same

results apply to particle 2, except we use the b angles instead of the a angles.
So in summary we get for the four states:

to= 21" cos(6,/2) + l%sm< 0/2) (12)
h = xi)e 9a 5in(6,/2) — Cos( ./2) (13)
Tt = x@cos(@b/Z)+x(_b)e’¢”51n(9b/2) (14)
b = 2Wesin(6,/2) — x*) cos(6,/2) (15)

From here we need to grind through a fair bit of algebra and use a few
trig identities to get the final answer. First, we construct the singlet state in
terms of the a and b spinors:

V2[00) = (t1d2 — T21) (16)
:(%J(F)COS(%/Z)'F%_ e'% sin(6 /2))( e % sin(6,/2) — (17)COS(9b/2))

(e % sin(04/2) — 1 cos(64/2)) (1 cos(8y,/2) + 1" sin(6,,/2))
(18)
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To find (Sgl)S,(QZ) ), remember that operators that apply to particle 1 operate
only on spinors referring to particle 1 (similarly for particle 2), so we have
the conditions:

a h a
st = =5 (19)
h
s = 452 (20)
so0, applying SC(,I)SISZ) to the singlet state gives
4
%\/ES >100) = h (Tliz Tzil) (21)
= (' cos(8,/2) — % Ve sin(6,/2)) (1" e sin(6,/2) + 1) cos(6,/2))
(22)
(2| %sin(8,/2) + 1 cos(64/2)) (2" cos(8,/2) — e sin(6;,/2))
(23)

(D2

That is, applying S, to the singlet state merely reverses the signs in

(@),

front of all terms containing )

To find <S£,1)Sl(72)>, we must calculate (OO|S,(11) Slgz) |00) which we can do
by multiplying the last equation by the complex conjugate of the expression
for the singlet state above. The conjugate of the singlet state is

V2000 = (2" cos(84/2) + 1V e % sin(0,/2)) (1P % sin(8,/2) — 2" cos(8,/2))—

(24)
(%-(i-a)*ei% sin(6,/2) — x(_a) cos(6, a/2))(x+) cos(6,/2) +X£b)*g*i¢b sin(6,/2))
(25)

where the only changes that have been made are taking the conjugate of all
the ys and reversing the signs of the exponents in the complex exponentials.
Multiplying these two components together and using the orthonormality
conditions on the ) spinors gives a result in terms of trig functions of the
various angles
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%momg”s}(f) 100) = 2(cos2(8a/2) — sin?(6,/2))(sin?(8/2) — cos?(6/2)—
(26)

4¢i%a sin(6,/2) cos(Ga/2)e_i¢b sin(6y/2) cos(6/2)—
(27)

4e~9asin(6,/2) cos(8,/2)e'? sin(6y/2) cos(6),/2)
(28)

We can now use the trig identities

cos’x—sin’x = cos2x (29)

2sinxcosx = sin2x 30)

to simplify the expression to:

8 L o
P <OO|S£,1)S§)2) 100) = —2cos 6, cos 6), — sin B, sin B, (¢'%e ™ 4 o~ 19ai)

(31)

= —2co0s6,cos 6, —sin O, sin O (2cos (¢, — Pp))
(32)

= —2(cos 6, cos 6, + sin B, sin 6, cos @, cos @, + sin B, sin 6, sin @, sin @)
(33)

= —2cos0 (34)

where the last step comes from ] Rearranging the constants gives the final
result:

(sVsHy = —Z cos 6 (35)



