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We’ve looked at the case of 2D rotations as represented by the group
SO (2) and its associated Lie algebra. In that case, a group elements could
be represented by the 2 x 2 matrix M (6):
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By expanding the matrix in a Taylor series, we got the expansion
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where [ is the identity matrix and X is the generator
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In this case, we could write the matrix as an exponential 3]

For SO (3), that is, rotation in 3 dimensions, things get more compli-
cated. We can represent a general 3D rotation by the product of 3 matrices:
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A1(61)= 1| 0 cosf; —sinb;
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The general rotation is then

A(01,02,05) = Ay (01) Ay (62) A3 (03) (6)
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Here, the product on the RHS is applied right-to-left.

By following the same procedure as with SO (2), we can expand each
of the A; matrices in a Taylor series and take the product to get a general
series expansion for A. The details are given in the above reference, section
2.3.3. The result is
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where the generator matrices are
[0 0 0]
Xi1=:/0 0 1 ®)
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Xz=i| -1 0 0 (10)
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The commutators of these 3 matrices are given by
[Xj,Xk} = —iSjngg (11)

where ¢ ;¢ is the antisymmetric Levi-Civita symbol.

The generator matrices form an algebra with the two binary operations
being matrix addition and commutation, and the scalar operation being mul-
tiplication by a scalar. This is shown in detail in the above reference, section
2.3.3.

The complication arises when we try to write an exponential form of
A(01,0,,65) in analogy with|3| Each of the 3 rotations can be written as an
exponential, so we have

A(61,62,65) = e1%16102%2 10353 (12)

If we want to combine the three exponentials into one, we have to use the
Baker-Campbell-Hausdorff formula since the three generator matrices do
not commute. For two operators (or matrices) A and B, we have

AP —exp [ A B+ [AB] 5 (A [AB] + [B.[B.A]) - 3 B4, [4.B])+...
(13)
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As there is no known closed form for this equation, we are faced with ap-
proximations for small rotation angles ¢;,. Because the matrices X j are
closed under commutation (the commutator of any two matrices gives a
scalar multiple of the third matrix), applying[I3|gives a series in which only
the three X j matrices appear. That is,

o101 X1 ,10:X5 103 X5 _ iB1(01,02,05)X; (14)

with an implied sum over j. The 3; are functions of the three rotation an-
gles. In general, each 3; will be an infinite polynomial in the three rotation
angles. Klauber gives an example in his equation (2-58) for the case where
63 = 0, that is, where we have a rotation about the y axis by ¢, followed by
a rotation about the z axis by 6.

In(13] if we take

A:i01X1

. 15
B =1i6,X> (15)

we see that the term A + B is first order in the angles 6;, % [A, B] is second
order in the angles 6, the term 5 ([A, [A, B]] + B, [B, A]]) is third order in
the angles and so on, with each extra term being higher order in the angles.
For small angles, usually first or second order is a good approximation, so
we can truncate [I3] at that point. For Klauber’s example, we have, after
applying the commutation relations [TT}

iB;X; =~ 61 X1 +i6, X, +@%0192X3 +... (16)
SO
B =16
B =0, (17)
B3 = 19192

2



