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We examine three types of binary relations on sets.

(1) An equivalence relation is a relation that is reflexive, symmetric and
transitive.

(2) A partial order relation is reflexive, antisymmetric and transitive.

(3) A total order relation is antisymmetric, transitive and a connex re-
lation.

It’s worth explaining in words what ’partial’ and ’total’ mean with respect
to order in a relation. First, consider the partial order relation R on a set
A. The reflexive property means that (a,a) € R for all @ € A. The anti-
symmetric property means that if (a,b) € R then if a # b,(b,a) ¢ R. This
can be interpreted as meaning that a precedes b in an ordering of elements
in the relation. The ordering is sometimes given using the symbol <, as in
a < bif (a,b) € R. If the elements of A are numbers, then the < symbol
may have its usual meaning of ’less than or equal’, but as the elements of
A can be anything, not necessarily numbers, the < symbol should just be
taken as indicating the ordering of two elements.

Note that the antisymmetric property doesn’t require that (a,b) or (b,a)
be present for all elements in A. Thus there may be some elements in A that
don’t fit into the ordering, meaning that there may be elements that cannot
be compared with each other. This is why it’s called a partial order. For
example, if A= {a,b,c} and R = {(a,a),(b,b),(c,c),(a,b)} then we can
say that a < b, but we can’t say where c fits into an ordering. Since this R
is reflexive, antisymmetric and transitive, it is a partial order.

For a total ordering, the connex property means that either (a,b) or (b,a)
must be present in R for all a,b € A. The antisymmetric property means
that exactly one of (a,b) and (b, a) is present. In this case, therefore, we can
order all the elements in ‘R, so we have a fotal order.

Example 1. Consider A =7\ {0}, that is, A is the set of all integers except
0. We define the relation

R:{(x,y)eAzzxy>0} (1)
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The relation is reflexive, since 2> > 0 for all integers except 0. It is sym-
metric, since xy = yz. It is also transitive, since if zy > 0 and yz > 0, then
2,y and z must all the same sign (all positive or all negative). Thus R is an
equivalence relation. It can’t be either a partial or total order since it’s not
antisymmetric.

Example 2. Consider A = 7Z\ {0} and define

R = {(x,y) €A2:m|y} (2)
where the notation x|y means ’x divides y’ (without remainder). It is re-
flexive, since any integer (except 0) divides itself. It is antisymmetric, since
if x|y then y does not divide z (since y > x). It is transitive, since if x|y and
y|z then y = nx for some integer n and z = my for some integer m. There-
fore z = mnx and x|z. Thus R is a partial order. It’s not a total order, since
there are elements (z,y) (for example, (3,7) and (7,3)) such that = doesn’t
divide y and y doesn’t divide z, so neither of the pairs (z,y) and (y,x) is
in R. Thus it’s not a connex relation. Note that even though we’re dealing
with numbers, we are using only the condition x|y to define the order of
two numbers, so we can’t use the condition x < y.

Example 3. The simplest example of a total order relation is when A = Z
and

R:{(:U,y)eAzzxgy} 3)
where here the notation x < y means ’x is numerically less than or equal to
y’. The relation is reflexive since x < z for all x. It is antisymmetric, since
for two different numbers x and y, one must be greater than the other, so
the converse is not true. It is transitive since if x <y and y < z, then x < 2.
Finally, it is a connex relation since all numbers in Z can be compared with
each other, so either (x,y) € R or (y,x) € R for all z,y € Z.
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