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A useful theorem in group theory is as follows.

Theorem 1. Let G be a group and a, b be two elements of G such that
ord(a) = n and ord(b) = 2. Then if (a∗ b)2 = e

b∗ak = an−k ∗ b (1)

for all k ∈ {0,1,2, . . . ,n−1}.

Proof. First, a reminder that the order of a group element is the power to
which it is raised to get the identity e. Therefore an = e and b2 = e. Now to
the proof. Since (a∗ b)2 = e

(a∗ b)2 = a∗ b∗a∗ b= e (2)

Multiply on the left and right by b and use b2 = e to get

b∗ (a∗ b∗a∗ b)∗ b= b∗ e∗ b (3)

b∗a∗ b∗a∗ b2 = b2 (4)
b∗a∗ b∗a= e (5)

b∗a∗ b= a−1 (6)

b∗a∗ b∗ b= a−1 ∗ b (7)

b∗a= a−1 ∗ b (8)

We can now show that
b∗ak = a−k ∗ b (9)

for all k ≥ 0. We use induction. For k = 0, we have

b∗a0 = a−0 ∗ b (10)
b∗ e= e∗ b (11)

b= b (12)
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so the statement is true for k= 0. For the inductive step, we assume b∗ak =
a−k ∗ b and show it’s true for k→ k+1. Multiply 9 on the right by a to get

b∗ak+1 = a−k ∗ b∗a (13)

= a−k ∗a−1 ∗ b (14)

= a−(k+1) ∗ b (15)

where we used 8 to get the second line. Thus 9 is true in general.
Finally, since an = e we can left-multiply the RHS of 9 by an to get

b∗ak = an−k ∗ b (16)

�

We can show that for the same elements a and b we can generate the
subgroup 〈a,b〉 of G from the set {a,b}. The subgroup 〈a,b〉 consists of
all different combinations of a and b. Since ord(a) = n, the subgroup con-
tains the elements

{
e,a,a2, . . . ,an−1}. Since ord(b) = 2, the subgroup also

contains just b, as all higher powers of b are either e or b itself. Finally, we
have all possible combinations of a and b. Because of 16 this set contains{
a∗ b,a2 ∗ b, . . . ,an−1 ∗ b

}
, as all products with b on the LHS are equal to a

product with a power of a on the LHS. Therefore, we have

〈a,b〉=
{
e,a,a2, . . . ,an−1, b,a∗ b,a2 ∗ b, . . . ,an−1 ∗ b

}
(17)
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