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The symmetric group or permutation group is denoted by the symbol
S, (where the letter S is actually ’S’ in fraktur font). It consists of all
the permutations of a set of n elements. The elements are usually written
as the integers from 1 to n, but in practice can be any n distinct objects.
The permutation is denoted by ¢ (i), where ¢ (i) gives the element that ¢
becomes after the permutation.

The matrix representation of a permutation is written as a 2 X n matrix.
The top row gives the initial set of n elements, and the second row gives
the corresponding elements after the permutation. That is, we have, for a
permutation of 5 objects

_( 1 2 3 4 5
<b_<<25(1> ¢(2) ¢(3) ¢(4) ¢(5)> (1)
A particular example of this is
1 23 45
¢:(3 415 2) )

This permutes a 1 toa3,a2toa4 and soon, sowehave ¢ (1) =3,¢(2) =4
and so on.
A permutation ¢ is a bijective map from the set

A={1,2,3,....n} 3)

onto itself. That is, the permutation is one-to-one, in the sense that each
element maps onto precisely one other element, and onto, in the sense that
the entire set A is mapped onto the entire set A.

The elements in the top row of [I| can be written in any order, provided
that the elements in the bottom row match up properly. For example, we

could write[2] as
2 4 1 5 3
¢:(4 532 1) @

This is the same permutation as
1
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Two or more permutations can be performed in order. This is known as
the composition of permutations. For example, suppose we had a second
permutation of 5 elements given by

1 23 45
¢:<2 31 4 5) ©)
The composition in which ¢ is applied first, followed by v is written as
1 23 45 1 23 45
77”0@5:(23145>O<34152) ©)

To see the net effect, we follow the path of each element through the two
permutations, starting on the right. We see that ¢ (1) =3 and ¢ (3) =1, so
the net effect is to map 1 — 1. Similarly, ¢ (2) =4 and ¢) (4) = 4,502 — 4.
The other three elements map according to 3 —+ 2,4 — 5 and 5 — 3. We
can therefore write the composition as a single matrix:

1 23 45
¢O¢:(14253> 7
We can also do the composition in the opposite order, which gives
1 23 45 1 23 45
qbc’¢‘(34152)0(23145) ®)
1 23 45
:(4 135 2) ©)

Comparing [7]and [9] we see that ¢ o ¢ # ¢ o b. Thus the permutation group
is nonabelian, since its elements do not, in general, commute. In fact, the
group G, is nonabelian for all » > 3. We can see this by an example.
Suppose n > 3 and

12345 n—1 n
¢:<21345 n—ln) (19)

12345 n—1 n
¢—<32145.. n—ln) (1)

Then o (1) =2and potp (1) =3 #Yop(1).

It is true that some elements of G,, may commute, but in order for a group
to be abelian, all its elements must commute with each other. Also, the
group G, is abelian, since a permutation of 2 elements just swaps them, and
applying this procedure twice swaps them back, so the order is irrelevant.

The number of elements in S,, is n! as we can see by construction. Given
a set of n elements and a permutation ¢, there are n choices for ¢(1).
This leaves n — 1 choices for ¢ (2) and so on until we have only a single
choice for ¢ (n). Thus there are n (n — 1) choices for the first two elements,

composition of
permutations

permutations are
nonabelian


https://physicspages.com/pdf/Group%20theory/Abelian%20groups.pdf

MATRIX REPRESENTATION OF PERMUTATIONS 3

n(n—1)(n—2) for the first three, and so on, giving a total of n! for the
complete permutation.

As we’ve seen with the permutation ) in |5, a permutation need not
change every element. In ¢, only 1, 2 and 3 are moved, with 4 and 5 re-
maining as they are. The subset of the elements in A in[3|that are moved by
a permutation ¢ is written as Move (¢), and the subset that are not moved is
called *fix” and written (&,,),.. In formal notation

Move (¢) = {k: ¢ (k) # k} (12)
(Gn)p =10€6,:0(k) =k} (13)
For 2l we have
14
(Gs), = (1
while for 5] we have
Move (¢) ={1,2,3} 15)

(Ss) = {4,5}

If the Move sets of two permutations have no elements in common, these
permutations are said to be disjoint. For example, if we have the permuta-

tion
1 345
p:(l 35 4) (16)

Move (p) = {4,5}
(Ss);, ={1,2,3}
and thus p and v in[5]are disjoint.
This leads to a proposition that any two disjoint permutations commute

(proof as Proposition 6.1.10 in the above reference). We can see this with
the above examples. We have

NS )

then

(17)

o¢_12345012345
PevY =112 3 5 4 231 45
/(12345
“\23 15 4
/(12345 12345
vop={,53145)° 12354
(1 2345\
=\l2 31 54 )=ro¥

Move and fix

disjoint permutations

disjoint permutations
commute
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