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The order of a group element is the power to which it is raised to give

the identity element e. For a cycle, the order is the length of the cycle. A
proof of this is given as Lemma 6.4.2 in the above reference, although if
you think about it, the result makes sense. If the length of a cycle is k, then
if we apply the permutation k times, each element will return to its initial
position.

Another useful result is that the order of a product of disjoint cycles is
the least common multiple of their lengths. This is proved as Proposition
6.4.3 in the reference.

Example 1. Consider the pemutations belonging to S8:

φ=

(
1 2 3 4 5 6 7 8
5 4 6 2 3 8 1 7

)
(1)

ψ =
(

1 5 3 4
)

(2)

Here, φ is written in matrix form and ψ is a cycle. To find the order of φ,
we convert it to cycle form, giving

φ=
(

1 5 3 6 8 7
)(

2 4
)

(3)

These cycles are disjoint, with lengths 6 and 2, so the order of φ is lcm(6,2)=
6. The order of ψ is 4, since that’s the length of the cycle.

We can use the order of a permutation to find the result of calculating a
power of the permutation.

Example 2. Find φ7. Since ord(φ) = 6, we have

φ7 = φ6φ= eφ= φ=
(

1 5 3 6 8 7
)(

2 4
)

(4)

Example 3. Find ψ6. Since ord(ψ) = 4, we have

ψ6 = ψ4ψ2 = ψ2 (5)
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To find ψ2, we apply 2 twice, which we can do by tracing through the
permutations. We get 1→ 5→ 3, 5→ 3→ 4, 3→ 4→ 1 and 4→ 1→ 5.
The result is that 1 is swapped with 3 and 5 is swapped with 4. Thus we get
the product of two disjoint cycles, each of length 2.

ψ2 =
(

1 3
)(

5 4
)

(6)

The order of ψ2 is therefore ord
(
ψ2)= lcm(2,2) = 2. We can also see that

his agrees with ord
(
ψ4) = 1 since applying a cycle of length 2 twice just

restores the original order.

Example 4. Find φ22. We use the quotient-remainder theorem to write

22 = ord(φ)×3+4 (7)
= 6×3+4 (8)

Therefore

φ22 = φ18φ4 (9)

= φ4 (10)

Unfortunately, there doesn’t seem to be an easy way of calculating φ4 other
than by brute force. However, we can note that

(
2 4

)4
= e since it

merely swaps 2 and 4 four times, so we need only find
(

1 5 3 6 8 7
)4,

which we can do by tracing the permutation so that each element is moved
along the cycle by 4 spaces. This gives us

1→ 5→ 3→ 6→ 8 (11)

and so on for the other elements. In matrix form, this is(
1 5 3 6 8 7

)4
=

(
1 5 3 6 8 7
8 7 1 5 3 6

)
(12)

This can be written in cycle form as(
1 5 3 6 8 7

)4
=
(

1 8 3
)(

5 7 6
)

(13)

Therefore
φ22 =

(
1 8 3

)(
5 7 6

)
(14)

and has order 3.
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