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You probably think you know how to divide two integers, as in basic
arithmetic, but it turns out there are different ways of doing it. The quotient-
remainder theorem specifies a method used in number theory. Even here,
there are variations in the theorem.

Theorem 1. (Quotient-remainder theorem) Let a,b € Z and b # 0. Then
there exist unique numbers q,r € 7 such that a = gb+r where 0 < r < |b|.

The theorem here does not place any restriction on b apart from it not
being 0. A commonly found version of the theorem sometimes states that
b must be positive, but we’ll look at the general case here. The integer ¢ is
the quotient and r is the remainder. The crucial point is that 0 < r < |b),
that is, the remainder must be a non-negative integer less that |b|. We’ll look
at an algorithm for calculating ¢ and r in a moment, but first it’s important
to note that this is not how integer division and remainders work in many
computer languages such as C#, Java, C++ and so on. In these languages,
dividing an integer a by another integer b using the notation a/b produces
the largest integer in the quotient ¢ = |a| /|b| and then appends a minus sign
if the signs of a and b are different. The remainder r is calculated using the
modulus operator % and gives the value needed so that ¢ x b+ r = a. For
example, if a = —99 and b =13, a/b=—7 and a % b =r = —8, giving
—7 x 13 —8 = —99. Note that the remainder here is negative, so is not what
you’d get if using the quotient-remainder theorem above.

Basically, the idea behind the theorem is that ¢ X b must always give a
number that is less than (or equal) to a, so that we can then add a positive
number () onto ¢ X b to get a back again. Here’s an algorithm that gives
the desired result in all cases.

(1) Divide |a| by || to get |a] = Q|b] + R.

(2) If a>0and b > 0, then set g = and r = R.

(3) If a >0 and b < 0, then set ¢ = —() and r = R. This gives a =
Q|+ R=—-Qb+R=qb+r.

4) Ifa<0Oandb>0,thena = —|a| = —-Qb— R.
If R =0 (so that b divides a exactly) then ¢ = —() and r = 0.
If R#0theng=—Q—1landr =b— R. This givesa=(—Q —1)b+
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b— R = —Qb— R as required. Note that, since R is the remainder
found in step 1, it is always in the range 0 < R < |b|, so since b here
is positive, 0 < b— R < b, so r is in the correct range.
(5) Ifa<0and b <0, thena=—-Q|b|— R=Qb— R.

If R=0theng¢=( and r =0.
If R#AO0then =@+ 1and r = |b| — R, so that a = (Q+1)b+
|b|] = R=(Q+1)(—1b]) + |b| — R = Qb— R. Again, we see that r
is in the correct range of 0 < r < |b|.

Hopefully you now see that finding the quotient and remainder isn’t quite

as straightforward as you might have thought(!)

Example 1. We’ll look at a = £99 and b = 313 to see how this all works.
Step 1 above gives us () =7 and R = 8.

o If a =499 and b = +13, we stop at step 2 in the algorithm, and get

q=7, r=28 (1)
e If a =499 and b = —13, we use step 3 above. That is
(=-Q=-7 r=38 2
o If a =—99 and b = +13, we use step 4, with R # 0. Then
g=—Q—-1=-8, r=b—R=13-8=5 3)
e If a=—-99 and b = —13, we use step 5 with R # 0. Then
g=Q+1=8, r=b|—R=13-8=5 “4)

You should check that a = qb+ r gives the correct values for a in all four
cases above.

This may look counter-intuitive since we might think that the results of
99/13 and (—99)/(—13) should be the same, as the minus signs in the
second quotient should cancel. However, we’re looking for numbers such
that gb 4+ r = a and if both a and b are negative, we must have ¢ = 8 and
r =5 if r is to be positive.

Again, we note that the C# division and modulus operations give an-
swers different from the theorem for the last case. In particular, they give
(—=99)/(—=13) =7 and (—99) % (—13) = —8. The moral of the story is
that you need to be sure of which system you are using when doing integer
division.
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