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A subset S of a group G can be used to generate a special type of sub-

group of G. Note that S is a subset (not necessarily a subgroup) of G, so
S need not be a group in its own right. The formal definition of a subgroup
generated by a subset S, which is denoted 〈S〉, is

〈S〉= ∩{Hi : S ⊆Hi, Hi <G} (1)

In words, the definition states that 〈S〉 is the subgroup formed by taking the
intersection of all subgroups Hi of G (that is, Hi < G) that contain the set
S.

Example 1. In the group G= (Z,+), find 〈1〉.
As this is the group of integers under the addition operation, the identity

is 0, so any subgroup of G must contain the integers is positive-negative
pairs, since each member of such a pair is the inverse of the other. Further,
the subgroup must be closed under addition. Since we’re considering the
subset S = {1}, every integer that can be formed by adding or subtracting
1 any number of times must be in the subgroup. This means that the only
subgroup of G containing S = {1} is the entire group G. That is

〈1〉= Z (2)

Example 2. In the group G= (Z,+), find 〈2〉. This is similar to example 1,
except here the subgroup of G containing S = {2} is the set of positive and
negative even numbers, as these are the only numbers that can be obtained
by adding or subtracting a multiple of 2. Thus in this case

〈2〉= 2Z (3)

where the notation 2Z means that we multiply every element in Z by 2,
obtaining the even numbers.
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Example 3. Consider the group G = (Z12,⊕12) which is the group of in-
tegers modulo 12, with modulo 12 addition as the binary operation. In this
case, G consists of the equivalence classes:

G= {[0]12 , [1]12 , . . . , [11]12} (4)

That is, each member [n]12 of G is the set of integers that equal 12 modulo
n. What is 〈[3]12〉?

We can find the set of elements that can be formed from [3]12 under mod-
ulo 12 addition. The identity element is [0] (I’ll drop the subscript 12 from
now on to avoid clutter, but all classes are modulo 12). Calling this sub-
group H we have

H = 〈[3]〉= {[0] , [3] , [6] , [9]} (5)
Any further addition just repeats the pattern, since [9]+[3] = [12] = [0], and
so on. We can investigate the subgroups that are generated by elements of
H . We have 〈[0]〉 = {[0]} as a subgroup on its own. We have 〈[3]〉 = H
by definition. For 〈[6]〉 we have {[6] , [6]+ [6]} = {[6] , [12]} = {[6] , [0]},
which is also a subgroup. For 〈[9]〉 we have

〈[9]〉= {[9] , [18] , [27] , [36]} (6)

= {[9] , [6] , [3] , [0]} (7)
=H (8)

Thus the only subgroups generated by subsets containing a single element
are {[0]}, {[0] , [6]} and H itself.

If we take two elements of H as the generator, we have, for example
〈[0] , [9]〉. The subgroup consists of all combinations and multiples of [0]
and [9]. As seen in 8, this results in H itself. We can work through the
other combinations and find that all pairs except for 〈[0] , [6]〉 also generate
H . For 〈[0] , [6]〉 we get multiples of [6] which are all either [6] or [0], so

〈[0] , [6]〉= {[0] , [6]} (9)

For three elements from H , we have, for example 〈[3] , [6] , [9]〉. All com-
binations of these 3 elements give us [0] (from [3]⊕ [9] for example), [3]
(from [6]⊕ [9]), [6] (from [3]⊕ [3]) and [9] (from [3]⊕ [6]). That is

〈[3] , [6] , [9]〉= {[0] , [3] , [6] , [9]}=H (10)

We can work through the other combinations of three elements to find that
they all generate H .

In this case, we see that the generating set of a subgroup is not unique.
For example

〈[3]〉= 〈[9]〉= 〈[3] , [6] , [9]〉= . . .=H (11)
Here, we can generate all 3 subgroups ({[0]} ,{[0] , [6]} ,H) from a single
element of H itself.
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