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Proposition 1. Any subgroup of the additive group G = (Z,+) is of the
form nZ for some n ∈ Z.

Proof. Using subgroup notation, let H be a subgroup of G, so that H ≤G.
The identity in G is 0, so one possibility is H = {0}. But this can also be
written as

H = 0Z (1)

so in this case the proposition is true.
Now suppose that H contains more elements than just 0, that is, it con-

tains some nonzero integers. Since H is a subgroup, every element h ∈H
must have an inverse. For the additive group, the inverse of h is −h, so ev-
ery element (except 0) must be present in both positive and negative forms.
Now let

n= min{h ∈H : h > 0} (2)

That is, n is the smallest positive integer in H . Since H is a subgroup of the
additive group G, it is closed under addition and inverses, so all multiples
of n must be in H . That is

hk ∈H for all k ∈ Z (3)

But the nk referred to here is nZ so we see that nZ ⊆ H . That is, every
element in nZ is contained in the subgroup H .

So far, we’ve shown that H contains nZ, but it may be possible that
H contains other elements as well. To show this isn’t true, we take some
element h ∈H . By the quotient-remainder theorem, we can write h as

h= qn+ r (4)

where 0 ≤ r < n and q is an integer. Now we know that qn ∈ H since
n ∈H (from 2) and h ∈H by hypothesis. Since H is closed under addition
(and subtraction) r = h− qn must also be in H . However, we know that
0≤ r < n, and n is the smallest positive integer in H , so r must be 0. Thus

1

https://physicspages.com
https://physicspagescomments.wordpress.com
https://physicspages.com/pdf/Group%20theory/Subgroups.pdf
https://physicspages.com/pdf/Group%20theory/Quotient-remainder%20theorem.pdf


SUBGROUPS OF ADDITIVE GROUPS 2

every element h satisfies h = qn for some q, and thus H ⊆ nZ. Thus we
have that nZ⊆H and H ⊆ nZ, so H = nZ. �

Proposition 2. Any subgroup H of the additive group G = (Zn,⊕n) is of
the form [k]Z where k ∈ {0,1,2, . . . ,n−1}.

Proof. We can show this in a similar way to Proposition 1. Recall that Zn

is defined as the set of equivalence classes for the integer n, where [k] is the
integer k mod n, and ⊕n is addition mod n.

Zn = {[0]n , [1]n , . . . , [n−1]n} (5)

We can restate this as: if H is a subgroup, then

H (k) = {[0]n , [k]n , [2k]n , . . .} (6)

for some k ∈ {0,1,2, . . . ,n−1}.
The first case is H = {[0]}. In this case 6 is true, with k = 0, since H (0)

contains all multiples of n, as these are all 0 mod n.
If H 6= {[0]n}, then H contains some element [k]n where k= k ∈{1,2, . . . ,n−1}.

We can choose k to be the smallest positive integer such that H contains
[k]n. Since H is a subgroup, it is closed under modulo addition, so [mk] ∈
H for all m ∈ Z. Thus [k]Z⊆H .

Now to show that H ⊆ [k]Z, we again use the quotient-remainder theo-
rem to write, for some [h] ∈H

h= qk+ r (7)

where again 0≤ r < k. In modulo notation, we have

[r] = [h]	n [qk] (8)

where 	n is subtraction modulo n. (Since r ≥ 0, the RHS here is always
non-negative.) Since both [h] and [qk] are in H , then by the closure of
modulo addition, [r] must also be in H . But we chose k to be the smallest
positive integer such that [k]n ∈ H , so we must have [r] = 0. Thus [h]n =
[qk]n and H ⊆ [k]Z. Combining the two results gives us H = [k]Z. �

https://physicspages.com/pdf/Group%20theory/Functions%20of%20modulo%20n.pdf

