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A subgroup is a subset of a group that satisfies the group axioms. If H
is a subgroup of another group G, it is written as H < G if G contains
some elements not in H, or as H < GG if H and G may be the same group.
Some books use the notations H C G and H C G, respectively, to denote
subgroups, but these latter two notations can also denote subsets rather than
subgroups. If H < G, H is said to be a proper subset of G.

Example 1. Consider the subset 14 of the symmetric (permutation) group
G4, in matrix notation:

Ve 1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4
4= 1 23 4)°\2143)’\3412)'\4321
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We can show that this is a subgroup of &4 by showing that it satisfies the
. . 1 2 3 4. . o

group axioms. First, we observe that 1 23 48 the identity, since

nothing gets moved. Next, we observe that the remaining three elements
can be written as disjoint transpositions:

(; 23 ‘3‘):(1 2)(3 4)
(; ‘2‘):(13)(2 4) @)
(4331)=0r 903

Since disjoint transpositions commute, and a transposition is its own in-
verse, all three of these elements are their own inverses. Finally, we need
to show that V4 is closed under composition. I’'m not aware of any quick
method for doing this, but we can show it directly. We have, by tracing the
permutations:

(1 2)(34)(13)(24)=(14)(23) 0
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(13)(2 4)(12)(3 4):(14)(2 3) 4)
(1 2)(34)(1 4)(23)=(13)(24) (5)
(1 4)(23)(1 2)(34)=(13)(24) (6)
(1 3)(24)(1 4)(23)=(12)(3 4) (7
(1 4)(23)(1 3)(24)=(12)(3 4) (®)

For example, the first line is obtained by tracing 1 — 3 — 4 on the LHS,
working from right to left. Similarly, we have 2 -4 — 3,3 — 1 — 2 and
4 — 1 — 2. The other lines work in the same way.

By comparing the RHS of these 6 equations, we see that they are all
included in the RHS of |2} so V4 is closed under composition. We can also
see from these equations that V} is abelian, since the elements in[2]commute
under composition.

Example 2. Consider the group M, (C), the set of n x n matrices with
complex coefficients, with matrix addition as the binary operation. This is
a group with the zero matrix as the identity, since adding the zero matrix to
any other matrix leaves that matrix unchanged. Every matrix has an inverse,
which is the negative of the original matrix. The group is also closed under
addition, completing the qualifications necessary for it to be a group.

The subset of M,, (C) consisting of the lower diagonal matrices is a sub-
group of M,, (C). A lower diagonal matrix has all entries above the diag-
onal equal to zero. Thus the zero matrix is a member of this subset, and
still serves as the identity. Again, the inverse of any matrix is its negative,
and the subset is closed under addition since adding any two lower diagonal
matrices produces another lower diagonal matrix. Since matrix addition is
commutative, this is an abelian subgroup.

Example 3. Consider the subset Z (the integers) of the group (Q,+) (the
rational numbers under addition). Is Z and subgroup of (Q,+)? Yes, it is,
since the identity under addition is 0, which is an integer. The inverse of
any integer is its negative, so all integers have inverses. Finally, since Z is
closed under addition (the sum of any two integers is another integer), Z
qualifies as a subgroup of (Q,+). Again, this is an abelian subgroup.
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