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The adjoint Dirac equation is

i∂µ

〈
ψ̄(n)

∣∣∣γµ+m〈ψ̄(n)
∣∣∣= 0 (1)

where there are four solution vectors n= 1, . . . ,4 and the adjoint solutions
are given by

〈
ψ̄(n)

∣∣∣= 〈ψ(n)
∣∣∣γ0 (2)

The four adjoint solutions are

〈
ψ̄(1)

∣∣∣=√E+m

2m

[
1 0 − p3

E+m −p1−ip2

E+m

]
eipx (3)〈

ψ̄(2)
∣∣∣=√E+m

2m

[
0 1 −p1+ip2

E+m
p3

E+m

]
eipx (4)〈

ψ̄(3)
∣∣∣=√E+m

2m

[
p3

E+m
p1−ip2

E+m −1 0
]
e−ipx (5)〈

ψ̄(4)
∣∣∣=√E+m

2m

[
p1+ip2

E+m − p3

E+m 0 −1
]
e−ipx (6)

Although the derivation of the adjoint equation 1 effectively proves that
these four adjoint solutions do in fact solve the adjoint equation, we can
show it more directly by substituting the solutions into the equation. Be-
cause of the implied sum over µ we’ll need the four gamma matrices:
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γ0 =


1 0 0 0
0 1 0 0
0 0 −1 0
0 0 0 −1

 (7)

γ1 =


0 0 0 1
0 0 1 0
0 −1 0 0
−1 0 0 0

 (8)

γ2 =


0 0 0 −i
0 0 i 0
0 i 0 0
−i 0 0 0

 (9)

γ3 =


0 0 1 0
0 0 0 −1
−1 0 0 0
0 1 0 0

 (10)

The solution vectors all work in much the same way, so we’ll look at just〈
ψ̄(1)

∣∣∣ here. The derivatives ∂µ act only on the eipx factor, so using

px= Ex0 −p ·x (11)

we get

i∂0

〈
ψ̄(1)

∣∣∣γ0 =−E
√
E+m

2m

[
1 0 p3

E+m
p1−ip2

E+m

]
eipx (12)

i∂1

〈
ψ̄(1)

∣∣∣γ1 = p1

√
E+m

2m

[
p1−ip2

E+m
p3

E+m 0 1
]
eipx (13)

i∂2

〈
ψ̄(1)

∣∣∣γ2 = p2

√
E+m

2m

[
ip

1−ip2

E+m −i p3

E+m 0 −i
]
eipx (14)

i∂3

〈
ψ̄(1)

∣∣∣γ3 = p3

√
E+m

2m

[
p3

E+m −p1−ip2

E+m 1 0
]
eipx (15)

Adding together the first component from each of these equations, we get
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√
E+m

2m
eipx

[
−E+

(
p1)2 − ip1p2 + ip1p2 +

(
p2)2

+
(
p3)2

E+m

]
=

√
E+m

2m
eipx

(
−E+

p2

E+m

)
(16)

=

√
E+m

2m
eipx

(
−E+

E2 −m2

E+m

)
(17)

=−
√
E+m

2m
eipxm

(18)

For the second component, we get√
E+m

2m
eipx

[
0+p1p3 − ip2p3 −p1p3 + ip2p3

E+m

]
= 0 (19)

For the third component:√
E+m

2m
eipx

[
−Ep3 +0+0

E+m
+p3

]
=

√
E+m

2m
eipx

[
−Ep3 +p3 (E+m)

E+m

]
(20)

=m

√
E+m

2m
eipx

p3

E+m
(21)

And for the fourth component√
E+m

2m
eipx

[
−E

(
p1 − ip2)
E+m

+p1 − ip2 +0

]
=

√
E+m

2m
eipx

[
(−E+E+m)

(
p1 − ip2)

E+m

]
(22)

=m

√
E+m

2m
eipx

p1 − ip2

E+m
(23)

Comparing these results with the original adjoint solution
〈
ψ̄(1)

∣∣∣ we see
that

i∂µ

〈
ψ̄(1)

∣∣∣γµ =−m
〈
ψ̄(1)

∣∣∣ (24)

so
〈
ψ̄(1)

∣∣∣ does indeed satisfy the adjoint Dirac equation. The other 3
solutions work similarly.


