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In special relativity, Lahiri & Pal use the opposite metric to the one we’ve
been using so far, in that gµν = diag(+1,−1,−1,−1), that is, the time com-
ponent is positive and the spatial components are negative. With this defi-
nition, lowering or raising the 0 index of a tensor has no effect on the sign,
while lowering or raising index 1, 2 or 3 changes the sign.

With the usual spacetime four-vector

xµ ≡
(
x0,xi

)
= (ct,x) (1)

the lowered version is

xµ = gµνx
ν = (ct,−x) (2)

Under a Lorentz transformation, the xµ transform as

x′µ = Λ
µ
νx

ν (3)

The transformation for xµ is therefore

x′µ = gµνx
′ν (4)

= gµνΛ
ν
σx

σ (5)
= Λµσg

σρxρ (6)
= Λ

ρ
µxρ (7)

The matrix Λ
ρ
µ is the original matrix Λ

µ
ρ with the first index lowered

and second raised. If µ = ρ = 0 or if both µ and ρ are spatial indices, the
matrix element remains unchanged: Λ

ρ
µ = Λ

µ
ρ. If, however, exactly one

index is zero (with the other index being spatial), the element changes sign:
Λ
ρ
µ =−Λ

µ
ρ.
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Infinitesimal relative velocity. In the standard case where the primed frame
is moving relative to the unprimed frame at speed v along the x axis, the
Lorentz transformations are

t′ = γ
(
t− vx

c2

)
(8)

x′ = γ (x−vt) (9)
y′ = y (10)
z′ = z (11)

with

γ ≡ 1√
1−v2/c2

(12)

If v
c is very small we can expand these equations to first order in β ≡ v

c .
To this order

γ = 1+
β2

2
+ . . . (13)

≈ 1 (14)

and

ct′ = ct−xβ (15)
x′ = x− ctβ (16)

so

Λ
µ
ν =


1 −β 0 0
−β 1 0 0
0 0 1 0
0 0 0 1

 (17)

Lowering the first index we get

http://physicspages.com/pdf/Griffiths EM/Griffiths Problems 12.12.pdf


LORENTZ TRANSFORMATION FOR INFINITESIMAL RELATIVE VELOCITY 3

Λµν = gµρΛ
ρ
ν (18)

=


1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1




1 −β 0 0
−β 1 0 0
0 0 1 0
0 0 0 1

 (19)

=


1 −β 0 0
β −1 0 0
0 0 −1 0
0 0 0 −1

 (20)

We can write this as the sum of gµν and an antisymmetric matrix ωµν =
−ωνµ:

Λµν = gµν+ωµν (21)

=


1 0 0 0
0 −1 0 0
0 0 −1 0
0 0 0 −1

+


0 −β 0 0
β 0 0 0
0 0 0 0
0 0 0 0

 (22)
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