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The Lagrangian density for the classical electromagnetic field is
1
(1)
L = − F µν Fµν − jµ Aµ
4
where the electromagnetic field tensor is given in terms of the four-potential,
which is
Fµν = ∂µ Aν − ∂ν Aµ

(2)

If we treat the four components Aµ as the fields in the field theory, then
we can calculate the canonical momentum associated with each field. Using
Lahiri & Pal’s notation, this is given by
δL
(3)
δ Φ̇A
where ΠA is the momentum associated with field ΦA , and a dot indicates a
time derivative, that is, a derivative with respect to x0 . The δ means
´ we are
taking a functional derivative, since L, the total Lagrangian (L = d3 x L )
is a functional which depends on the function L , which is, in turn, a function of the fields and their derivatives.
To calculate 3, we need to know the functional derivatives of the fields
and their derivatives with respect to each other. This is done by analogy
with the generalized coordinates and momenta from classical Lagrangian
theory, and the result is given in L&P’s equation 2.27:
ΠA ≡

δ Φ̇B (t, y)
B 3
= δA
δ (x − y)
(4)
δ Φ̇A (t, x)
The functional derivatives of all fields and their spatial derivatives with respect to any Φ̇A are taken to be zero.
To work out 3 for the Lagrangian 1, we first write out the expression in
full:
1

CANONICAL MOMENTA FOR ELECTROMAGNETIC FIELDS

2

ˆ
d3 xL


ˆ
1 µ ν
3
ν µ
µ
= − d x (∂ A − ∂ A ) (∂µ Aν − ∂ν Aµ ) + jµ A
4

L=

(5)
(6)

We now need to calculate the derivative 3, for which we can use the product
rule, since functional derivatives obey the same rules are ordinary derivatives. To get the signs right, we need to keep careful track of the location
(up or down) of the various indexes. If we’re calculating ΠA (that is, with a
lower index), then we need to take the derivative with respect to ∂ 0 ΦA (that
is, the field has an upper index; the location of the 0 index on the ∂ doesn’t
matter since it’s the same up or down). Therefore, we’d like all the terms in
6 to have upper indexes, and for that we can use the metric tensor. Thus we
have
ˆ






1 µ ν
ν µ
α β
α β
µ
L = − d x (∂ A − ∂ A ) gµα gνβ ∂ A − gµβ gνα ∂ A + jµ A
4
(7)
δL
Now we can find the derivative Πρ = δδL
=
.
The
derivative
conȦρ
δ (∂ 0 Aρ )
sists of four contributions: the derivative of each of the two terms in the
first parentheses multiplied by the second parentheses, and the first parentheses multiplied by the derivative of each othe two terms in the second
parentheses. We illustrate a couple of these derivatives as the other two are
essentially the same.

First, consider the derivative of ∂ µ Aν multiplied by gµα gνβ ∂ α Aβ − gµβ gνα ∂ α Aβ .
We have
3

δ (∂ µ Aν (t, y))
= δ0µ δρν δ 3 (x − y)
(8)
δ (∂ 0 Aρ (t, x))
Multiplying this by the second parentheses and doing the implied sums over
repeated indexes we have

 

δ0µ δρν δ 3 (x − y) gµα gνβ ∂ α Aβ − gµβ gνα ∂ α Aβ = ∂ 0 gρβ Aβ − gρα ∂ α A0 δ 3 (x − y)
(9)
 3
= Ȧρ − ∂ρ A0 δ (x − y)
(10)
where we’ve used the fact that a 0 index is the same in the up or down
position. When we do the spatial integral in 7, the spatial delta function
disappears. Restoring the − 14 means this first of four terms gives us
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1
Ȧρ − ∂ρ A0
(11)
4
Working out the derivative of the second term in the first parentheses in 7
gives us the same thing, except with the sign reversed. However, the minus
sign before the second term in the first parentheses in 7 means that both
terms give us the same result, which is 11
Now consider the first parentheses multiplied by the derivative of the first
term in the second parentheses. First, work out the derivative of this term:

δ gµα gνβ ∂ α Aβ (t, y)
(12)
= gµα gνβ δ0α δρβ δ 3 (x − y)
0
ρ
δ (∂ A (t, x))
Multiplying in the first parentheses we get
−


(∂ µ Aν − ∂ ν Aµ ) gµα gνβ δ0α δρβ δ 3 (x − y) = gνρ ∂ 0 Aν − ∂ ν A0 δ 3 (x − y)
(13)
 3
= Ȧρ − ∂ρ A0 δ (x − y)
(14)
This is the same result that we got when working out the first term in 10.
Finally, we can work out the first parentheses multiplied by the derivative of
the second term in the second parentheses and we get the same answer (with
sign reversed). Integrating over space gets rid of the spatial delta function,
as before.
Thus the final result for Πρ is four times the result 11, or
Πρ = ∂ρ A0 − Ȧρ
= ∂ρ A0 − ∂0 Aρ
= Fρ0

(15)
(16)
(17)

Notice that Π0 = 0, so the canonical momentum has only 3 non-zero
components. As a result, it’s not possible to invert these equations to write
Ȧρ in terms of Πρ since, in general, A0 is not zero. However, if we invoke
This gauge does not
the gauge in which A0 = 0, then we still get Π0 = 0, but now the spatial appear to be either the
momenta become
Coulomb or Lorenz
gauge.

Πi = −Ȧi

(18)

or, flipping the index:
Πi = Ȧi
(19)
So in this case the spatial canonical momenta are just the time derivatives
of the corresponding field components.
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