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Here we’ll look at the field theory for the displacement of a string of
length [ with fixed ends (such as a violin string). The Lagrangian (total, not

just the density) is
: ou\? » (Ou 2

If this string is plucked, then it will vibrate so that the displacement u varies
with position x and time ¢. We can write the displacement as a Fourier
series:

WEx

u(a,t) = gl i (¢)sin (57 @)

C

where

ke
W = e (3)
Here £ is an integer and ¢;, can be thought of as a parameter which gives the
contribution to the overall displacement of the pure sine wave with mode
wg. The g;, are the generalized coordinates in the problem, so we can calcu-

late the conjugate momentum using the standard formula

B oL
4y,
In our case, the Lagrangian is an integral over the square of an infinite

series, so the situation might look hopeless. However, it’s not as bad as it

looks, due to the fact that sine terms in the Fourier series are orthogonal

functions when integrated over the interval [0,[]. That is
1
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/Ol sin <w;zaz> sin (wcac> dr = /Ol sin <mlm> sin (W?I> dx (5)
= 2% (©)

From

i i (1)sin (25 @

We can ignore the second term in the integrand of [I| when calculating py,
since it doesn’t contain ¢;. We therefore have

OL
pk—a—% ()
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_ /dx(an sm(“’f)>sm(“’—f) (10)

Using |§], we see that only one of the terms (when n = k) in the sum will
contribute to the integral, so we get

l
DE = 25% = gy, (11)

The full Lagrangian in|[I|can be worked out in a similar way. To integrate
the square of [7] we use[6] so the only terms that contribute to the integral are
the terms involving ¢?:

! ou > [ ) WET
/dm(at) —];]/qu.sm o da (12)
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=5 X i (13)
k=1
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— 3 LI (14)

The cosine is also orthogonal when integrated over [0,!] so we have
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/l cos <ULCL$> cos (cu_zx> dx = /lcos (#) cos (WTbx> dx (15)
0 0

50 (16)
We therefore get
l 2 oo 2 rl
ou w WET
2 _ 2%k 2 2Wk
/0 dz c (%> = ]E’lc 0_2/0 qj. COSs Tdm (17)
l oo
=5 X widi (18)
k=1
Putting the terms together we get
v 2 Iy 29
L=5 ) ni—5 X wid (19)
k=1 k=1
The total Hamiltonian is given by
H=Y prix—L (20)
k=1
Y R TR -,
=) 75 Lty ) widi 1)
k=1 k=1 k=1
1 [ee]
=5 ) (Ph+Pwia) (22)
k=1

We now introduce the operators (essentially the same as the raising and
lowering operators for the harmonic oscillator):

h
2lwk

Pr = lqy (24)

— 9 lhwk T iwkt —iwkt
=1/ > (a ekt —ape > (25)

If we now interpret ¢; and p;. as operators and require the usual commu-
tation relation between position and momentum:

Qe = <aT€iwkt + ake—iwkt> (23)

[, pj] = ihdy; (26)
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we can work out the commutators of a; and az. We could do this by invert-
ing the above equations to express a; and a}; in terms of ¢;, and p;, but we
can also just calculate [gy, p;] in terms of the aj and az operators. We have

[Qkapj] =4/ Z—i% { [ak,aﬂ ei(wrwk)t _ [ak,aj] e*i(wﬁwk)t + 27

[az,aﬂ et (witwr)t _ [a,:,aj] e_i(“j_wk)t} (28)

If we require this to be 170y, ;, then because wy, is always positive, the middle
two terms must be zero, so we have

lag, a;] = [a;,aﬂ ~0 (29)
Also, if j # k, then the first and last terms will have an exponential term

in them, so these terms too must be zero in this case. Finally, if j = k, the
exponentials in the first and last terms are 1, so we get in this case

uh .
api] = 5 (|ansaf] = [afai] ) =i (30)
which is true if
laxaf] =1 31
k’;ak - ( )
Thus we get the final result
ax,al| = (32)

Finally, we can express the Hamiltonian in terms of aj; and az by just
substituting [25]into [22] We get

1 & hlwy, 2 2 2 -2
=5 X (‘TM Ul faje MM —afay—aal|  (33)
hi ; ;
+—;k [azzezw’ft+aie‘2w’“t+a2ak+akazD (34)
:E 3 w (aTa +a CLT> (35)
2];1 k\apak +agay



