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The angular momentum operators can be used to generate the infinitesi-
mal transformations

ψ
′ (x) =

(
1− i

2
Jµνω

µν

)
ψ (x) (1)

where the ωµν are the infinitesimal components of a Lorentz transforma-
tion. Using the notation in L&P’s section 2.4 we have

• ψ (x) is the function ψ at spacetime point x.
• ψ ′ (x) is the transformation of the function ψ at the same point x.
• ψ ′ (x′) is the transformation of the function ψ at the transformed

point x′.
From L&P’s equation 2.41, we have

ψ
′ (x)−ψ (x) = ψ

′ (x′
)
−ψ (x)−∂µψ

′ (x)δxµ (2)

or

ψ
′ (x′

)
= ψ

′ (x)+∂µψ
′ (x)δxµ (3)

For an infinitesimal Lorentz transformation

Λµν = gµν +ωµν (4)

x′µ = Λ
µ

νxν (5)

= xµ +ω
µ

νxν (6)

δxµ = x′µ − xµ (7)

= ω
µ

νxν (8)

= ω
µνxν (9)

We therefore have
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ψ
′ (x′

)
= ψ

′ (x)+ω
µνxν∂µψ

′ (x) (10)
We can now apply the transformation 1 to this equation, and keep only

terms up to first order in ωµν :

ψ
′ (x′

)
=

(
1− i

2
Jµνω

µν

)
ψ (x)+ω

µνxν∂µψ (x) (11)

However, we also know that the LHS, under an infinitesimal Lorentz trans-
formation, has the form

ψ
′ (x′

)
= S (Λ)ψ (x) (12)

=

(
1− i

4
σµνω

µν

)
ψ (x) (13)

Equating the terms in ωµν on both sides, we get[
− i

2
Jµν + xν∂µ +

i
4

σµν

]
ω

µν = 0 (14)

The transformations ωµν are arbitrary, but subject to the condition that
ωµν = −ωνµ . Therefore, we can swap the indexes µ ↔ ν in this equa-
tion (and use the antisymmetry of Jµν and σµν ) to get[
− i

2
Jνµ + xµ∂ν +

i
4

σνµ

]
ω

νµ =−
[
− i

2
Jµν − xµ∂ν +

i
4

σµν

]
ω

µν (15)

Subtracting the RHS from 14, we can now equate the coefficient of ωµν to
zero to we get

− iJµν + xν∂µ − xµ∂ν +
i
2

σµν = 0 (16)
or

Jµν = i
(
xµ∂ν − xν∂µ

)
+

1
2

σµν (17)

The first term on the RHS is the traditional orbital angular momentum
operator, and the second term represents the spin.
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