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The solution of the Dirac equation for a free particle is
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where us and v, are 4-component spinors and s = + or —. These spinors
satisfy

(p—m)us (p) =0 2)
(p+m)uvs(p) =0 3)

To find explicit forms for the spinors, we need an explicit representation
of the gamma matrices. One such representation is the Dirac-Pauli repre-
sentation/ in which the matrices are given by
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where the o are the Pauli matrices
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Each of the entries in [4] and [5]is a 2 x 2 matrix, while the entries in the
Pauli matrices are ordinary numbers. The four-vector p has the general form
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E,=+/p*+m? (8)

Earlier, we saw how to obtain explicit solutions for the Dirac spinors
using these equations. Here we look at an alternative derivation. In the
particle’s rest frame p = 0 and F, = m, and we can choose the following
spinors as solutions:
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These spinors satisfy the normalization co_ndition for a particle at rest:
uf (p) s (p) = vf () vs (P) = 2Epdys = 2méys (13)

We can use these solutions to generate the solutions for arbitrary 3-momentum
p by showing that (p+ m) u+ (0) is a solution of and (;;z) —m) vy (0) is
a solution to [3| We can do this by direct substitution, but first we need the
result for two four-vectors a and b:

¢l5 = ’Y'uau’YVbu (14)
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= (29" —~v"+") auby (16)
= 2a"b, — bd (17)

In the particular case where a = b we have

gigzi:a“aﬂzaz (18)
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We now have from 2]

(p—m) (p+m)us (0) = (pp—m?) u= (0) (19)
= (p* —m?) ux (0) (20)
-0 1)

where the last line follows because, for p = 0, p* = m?.

To get the actual solution, we need to apply p+m to u (0) in the Dirac-
Pauli representation. We’ve seen that, in this representation

p—m=vE,—v-p—ml (22)
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so we also have

ptm=~0Ep—~-p+ml (24)
| Ep+m  —o-p
=[P ] @

Therefore we have

(p+m)us(0)=B (26)
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where B.S is a normalization constant. To compare these with the solutions
found earlier, we note that

(p+m)u_(0)=B @7)
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and the earlier solutions were

X
us (p) = Ep—km{ EofiXi } (29)
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with

Each entry in these
matrices is itself a
2 X 2 matrix.
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X+ = [H (30)

x_={(1’] 31)

Thus our present solutions [26] match the earlier ones if the momentum is
p= (O, 0, p3), that is, it’s entirely along the z direction, and we normalize
the solutions correctly.

We can make the solutions match if we write
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w0 =vam | o | =vam | ] @)

where each entry on the RHS is now a 2-component column vector. If we
now apply [25] to this and multiply the elements as though they are single
matrix elements, we get

(p+m)us (0) :B[ (E’; pr”;l“ } (33)

which matches [29] after normalization. I'm not sure this is allowable, how-
ever.
We can do a similar calculation to get v:

(p+m) (p—m)vs (0) = (pp—m?) v+ (0) (34)
= (p* —m®) vs (0) (35)
=0 (36)
Therefore
E,—m —0- 0
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These again agree with the earlier solutions after proper normalization:
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