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Theory, Second Edition (Alpha Science International, 2004) - Chapter 9,
Exercise 9.5.

In their section 9.4, L&P give a detailed calculation of the scattering cross
section for electron-electron scattering. Most of their derivation is clear so I
won’t go through it all again here. There are a few points where a bit more
explanation might be useful, however.

To calculate the cross section, we need the square of the Feynman ampli-
tude, which L&P give in equation 9.34:
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Here, ui is the Dirac spinor with four-momentum pi and u′i is the spinor
with four-momentum p′i. The unprimed momenta are those of the incoming
electrons and the primed momenta are those of the outgoing electrons. The
second term in each factor arises from swapping the outgoing electrons, and
the two terms are connected by a minus sign because electrons are fermions
and thus the swap is antisymmetric.

The sums over spins can be converted to traces of the various matrix
products by a process similar to that which we used earlier in discussing
the Dirac equation. I won’t go through the derivation of all four terms in
L&P’s equation 9.36, but one of them is useful to examine in detail. Take
T12 as an example. This term arises from the product of the first term in the
first factor of 1 with the second term in the second factor. Looking at the
numerator of this product we have
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To evaluate this, we need to write the spinor and spin indexes in full. I’ll use
a,b,c,d to label the spin indexes and α,β,γ,δ, ε,θ,ζ,λ to label the matrix
components. It’s helpful to write out 1 with the spin indexes first. We have

|M |2 = e2
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Putting in the matrix indexes we get
All Greek indexes are
summed.
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There are 4 separate sums over the spins, so we can rearrange the terms to
get
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We can now convert the spin sums using the earlier result

∑
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We get
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As all Greek indexes are summed, we see that this expression is
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This is equivalent to the third of L&P’s equation 9.36 since the trace of a
product of matrices is cyclic. The other 3 traces in equation 9.36 are worked
out in the same way.

The other equation which could use a bit of explanation is L&P’s equa-
tion 9.37, which states a general trace formula:
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Tr
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We can prove this using a couple of trace formulas from L&P’s appendix
A. Equation A.24 tells us

Tr [γµγνγλγρ] = 4
(
gµνgλρ−gµλgνρ+gµρ+gνλ

)
(10)

Applying this, we have

Tr
[
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]
(11)

= 4aαbβ
(
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)
(12)

= 4(aνbµ−gµνa · b+aµbν) (13)

To evaluate the other traces on the LHS of 9 we use the result that the
trace of the product of an odd number of γµ is zero (again, L&P appendix
A). Thus we’re left with

Tr [mγνmγµ] =m2Tr [γνγµ] (14)

= 4m2gµν (15)

using L&P equation A.23. Combining these results gives us 9.
The remainder of the derivation is fairly clear in L&P, although somewhat

lengthy. The final expression (in the centre of mass frame) for |M |2 as a
function of the energy E, magnitude p of the 3-momentum and scattering
angle θ is

In the centre of mass
frame, E and p are the
same for all 4
electrons.|M |2 = 2e4
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}
(16)

To work out the scattering cross section for positron-positron scattering,
we can trace the derivation through with electrons replaced by positrons.
This means that in 1 we replace all u spinors by v spinors. When working
out the traces in L&P’s equation 9.36, we now use the earlier result
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∑
s

vs (p)vs (p) = /p−m (17)

The only difference is that all +m terms in L&P’s equations 9.36 are re-
placed by−m. If we trace through L&P’s evaluation of these traces in their
equations 9.37 through 9.47, we see that the mass enters only as even pow-
ers (m2 and m4). Thus the sign of m cancels out and we end up with the
same result 16.
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