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Exercise 10.6.
By requiring the Dirac Lagrangian to be invariant under parity, L&P show
that the parity matrix must satisfy the three conditions

P† P = 1

(1)

γ0 P† γ0 γi P = −γi

(2)

γ0 P† γ0 P = 1

(3)

Since the last condition arises from the mass term in the Lagrangian, if the
fermion is massless so that m = 0, we need not satisfy this last condition on
P. In this case, we can choose
P = ηP0 γ0 γ5

(4)

where ηP0 is a parity phase factor. We can check that this satisfies the first
two conditions by using the properties of the gamma matrices. For the first
condition, we have (we’ll take ηP0 = ±1 in what follows):
P† P = γ5† γ0† γ0 γ5

(5)

= γ5 γ02 γ5

(6)

= γ52
=1

(7)
(8)

where we’ve used the facts that γ5† = γ5 , γ0† = γ0 and γ52 = γ02 = 1.
For the second condition, we have
1
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γ0 P† γ0 γi P = γ0 γ5† γ0† γ0 γi γ0 γ5
= γ0 γ5 γi γ0 γ5
= γ0 γ5 γ0 γ5 γi
= −γ0 γ0 γ5 γ5 γi
= −γi

2

(9)
(10)
(11)
(12)
(13)

In the third line, we used the fact that the anticommutators are{γ5 , γi } =
{γ0 , γi } = 0.
We can now see what effect this has on a couple of interaction terms that
could appear in the Lagrangian. First, suppose we have the interaction term
Lint = −hψψφ
(14)
where ψ is a fermion field and φ is a scalar field. The fermion field transforms according to
ψP (x) = Pψ (x̃)

(15)

x̃ ≡ (t, −x)

(16)

where

Using 4 we have
Lint → −hψ P ψP φP
For the first factor, we have
ψ P (x) = ψP† (x̃) γ0
†

†

(17)

(18)

= ψ (x̃) P γ0

(19)

= ψ (x̃) γ0 P† γ0

(20)

= ηP0 ψ (x̃) γ0 γ5† γ0† γ0

(21)

= ηP0 ψ (x̃) γ0 γ5†

(22)

Therefore
ψψφ → ηP02 ψ (x̃) γ0 γ5† γ0 γ5 ψ (x̃) φ (x̃)

(23)

= −ψ (x̃) γ0 γ0 γ5 γ5 ψ (x̃) φ (x̃)

(24)

= −ψ (x̃) ψ (x̃) φ (x̃)

(25)

Thus for the transformation to be invariant under parity, we must have
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φP (x) = −φ (x̃)
which makes φ a pseudoscalar field.
For the interaction term

(26)

Lint = −h0 ψγ5 ψφ

(27)

ψγ5 ψφ → ψ (x̃) γ0 γ5† γ5 γ0 γ5 ψ (x̃)

(28)

we have

= ψ (x̃) γ5 ψ (x̃)

(29)

Thus in this case, for parity invariance we must have
φP (x) = +φ (x̃)

(30)

making φ a scalar field.
An interaction which combines both of the above interactions, such as

Lint = −ψ h + h0 γ5 ψφ
(31)
can not be parity invariant, as the two terms require opposite parities for φ.

