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We’ve seen the derivation of the Klein-Gordon equation earlier, but we’ll

summarize it here using notation from L&B. The Lagrangian is

L=
1
2
(∂µφ)

2− 1
2
m2φ2 (1)

Using the Euler-Lagrange equations we have

∂L
∂φ

=−m2φ (2)

∂µ
∂L

∂ (∂µφ)
= ∂µ∂

µφ (3)

Combining these gives

∂µ
∂L

∂ (∂µφ)
− ∂L
∂φ

= 0 (4)

∂µ∂
µφ+m2φ= 0 (5)

which is the usual Klein-Gordon equation.
The momentum is

π =
∂L
∂φ̇

(6)

= ∂0φ (7)

= φ̇ (8)

The Hamiltonian density is
1
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H= πφ̇−L (9)

= φ̇2− 1
2
(∂µφ)

2 +
1
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m2φ2 (10)

=
1
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φ̇2 +

1
2
(∇φ)2 +

1
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This is usually interpreted as the sum of a kinetic energy term 1
2 φ̇

2 and a
potential energy term 1

2 (∇φ)
2 + 1

2m
2φ2.
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