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We’ve seen earlier that Lorentz transformations form a group. Although

I haven’t delved very deeply into group representations, one aspect of group
theory is that any abstract group can have a number of representations,
where each group element is represented by a square matrix. There are
usually many possible representations for any given group, with different
representations being given by matrices of various sizes.

For the Lorentz group, we consider boosts along each of the three coor-
dinate axes. For a boost along the x1 axis, the Lorentz transformation can
be given as a matrix:

ΛΛΛ
(
β1)=


γ1 β1γ1 0 0
β1γ1 γ1 0 0

0 0 1 0
0 0 0 1

 (1)

where as usual, β1 is the velocity in the x1 direction (using natural units so
that c= 1) and

γ1 =
1√

1− (β1)
2

(2)

The transformation can be written using hyperbolic functions by defining
the rapidity φ1:

ΛΛΛ
(
φ1)=


coshφ1 sinhφ1 0 0
sinhφ1 coshφ1 0 0

0 0 1 0
0 0 0 1

 (3)

At this point, L&B postulate that we can write a generalized Lorentz
transformation matrix D (φ) as an exponential:

D (φ) = eiK·φφφ (4)
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where the components Ki are the generators of Lorentz boosts. From this
definition, we see that

Ki =
1
i

∂D
(
φi
)

∂φi

∣∣∣∣∣
φi=0

(5)

The form 4 appears to be just an abstract way of writing a general Lorentz
transformation, without reference to any particular coordinate system or
number of dimensions. For the case of 4-vectors, we can take D

(
φi
)

to be
the same as the corresponding ΛΛΛ

(
φi
)

such as 3 for the x1 direction. In this
case, we have

K1 =
1
i

∂ΛΛΛ
(
φ1)

∂φ1

∣∣∣∣∣
φ1=0

(6)

=
1
i

∂

∂φ1


coshφ1 sinhφ1 0 0
sinhφ1 coshφ1 0 0

0 0 1 0
0 0 0 1


φ1=0

(7)

=
1
i


sinhφ1 coshφ1 0 0
coshφ1 sinhφ1 0 0

0 0 0 0
0 0 0 0


φ1=0

(8)

=−i


0 1 0 0
1 0 0 0
0 0 0 0
0 0 0 0

 (9)

We can do a similar calculation for the other two coordinate directions.
For x2 (superscript ’2’, not ’squared’):

ΛΛΛ
(
φ2)=


coshφ2 0 sinhφ2 0

0 1 0 0
sinhφ2 0 coshφ2 0

0 0 0 1

 (10)

so we get

K2 =−i


0 0 1 0
0 0 0 0
1 0 0 0
0 0 0 0

 (11)
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and for x3:

ΛΛΛ
(
φ3)=


coshφ3 0 0 sinhφ3

0 1 0 0
0 0 1 0

sinhφ3 0 0 coshφ3

 (12)

K3 =−i


0 0 0 1
0 0 0 0
0 0 0 0
1 0 0 0

 (13)
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