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The Lorentz transformation along the x1 axis is

ΛΛΛ
(
β1)=


γ1 β1γ1 0 0
β1γ1 γ1 0 0

0 0 1 0
0 0 0 1

 (1)

where as usual, β1 is the velocity in the x1 direction (using natural units so
that c= 1) and

γ1 =
1√

1− (β1)
2

(2)

For an infinitesimal boost β1 = v1 � 1, we have γ1 ≈ 1 (to first order in
v1) so

Λ
µ
ν =


1 v1 0 0
v1 1 0 0
0 0 1 0
0 0 0 1

 (3)

For an infinitesimal boost v2 along the x2 axis, we have

Λ
ρ
σ =


1 0 v2 0
0 1 0 0
v2 0 1 0
0 0 0 1

 (4)

A combined Lorentz transformation with boosts along the x1 and x2 axes
is obtained by multiplying these two transformations (in either order; in the
case of infinitesimal transformations, the matrices commute), to get
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Λ
µ
ν =


1 v1 v2 0
v1 1 0 0
v2 0 1 0
0 0 0 1

 (5)

Finally, we can add in an infintesimal boost v3 in the x3 direction to get

Λ
µ
ν =


1 v1 v2 v3

v1 1 0 0
v2 0 1 0
v3 0 0 1

 (6)

The rotation matrix for a rotation by angle α3 about the x3 axis is
I think that L&B have
the wrong sign for the
angles of rotation.

R3 (α3)=


1 0 0 0
0 cosα3 −sinα3 0
0 sinα3 cosα3 0
0 0 0 1

 (7)

For an infinitesimal rotation where α3 = θ3 � 1, this becomes

R3 (θ3)=


1 0 0 0
0 1 −θ3 0
0 θ3 1 0
0 0 0 1

 (8)

Similarly, for infinitesimal rotations about the other two axes we have
Remember that the
sign for a rotation
about x2 is opposite
to the other two axes.

R2 (θ2)=


1 0 0 0
0 1 0 θ2

0 0 1 0
0 −θ2 0 1

 (9)

R1 (θ1)=


1 0 0 0
0 1 0 0
0 0 1 −θ1

0 0 θ1 1

 (10)

As with infintesimal boosts, we can multiply these matrices together in any
order to get the overall rotation matrix for a combination of infintiesimal
rotations about all three axes:
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Rµν =


1 0 0 0
0 1 −θ3 θ2

0 θ3 1 −θ1

0 −θ2 θ1 1

 (11)

Finally, if we multiply 6 by 11 and keep only first order terms (so we
ignore terms like v1θ2 since they are products of two infinitesimals), we get
the general Lorentz transformation for a combination of infinitesimal boosts
and rotations.

Λ
µ
ν =


1 v1 v2 v3

v1 1 −θ3 θ2

v2 θ3 1 −θ1

v3 −θ2 θ1 1

 (12)

We can write this as Λ = I+ωωω where the infinitesimal matrix is

ωµν =


0 v1 v2 v3

v1 0 −θ3 θ2

v2 θ3 0 −θ1

v3 −θ2 θ1 0

 (13)

We can raise or lower indices on ωµν by using the metric tensor gµν , where
g00 = g00 =+1 and gii = gii =−1. Thus we have

ωµν = ωµλg
λν (14)

=


0 −v1 −v2 −v3

v1 0 θ3 −θ2

v2 −θ3 0 θ1

v3 θ2 −θ1 0

 (15)

ωµν = gµλω
λ
ν (16)

=


0 v1 v2 v3

−v1 0 θ3 −θ2

−v2 −θ3 0 θ1

−v3 θ2 −θ1 0

 (17)

We can see by inspection that both ωµν and ωµν are antisymmetric, and that
Again, I think L&B
have the sign wrong
in their equation 9.58.vi =−ω0i = ω0i (18)

θi =
1
2
εijkωjk (19)
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