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Gaussian elimination involves transforming a matrix using elementary
row operations, which are:

(1) Interchanging two rows
(2) Multiplying a row by a constant ¢ # 0.
(3) Adding c times one row to another row.

An elementary matrix is the result after applying one of the row operations
to a unit matrix. The notation for elementary matrices is defined as:

(1) Ejj is the unit matrix with rows 7 and j interchanged.

(2) Ej;(c) is the unit matrix with row ¢ multiplied by ¢ # 0.

(3) Ejj(c) is the unit matrix with row j multiplied by ¢ and added to
row 1.

Theorem 1. An important result is that applying one of the elementary row
operations to an arbitrary matrix A is the same as premultiplying (multi-
plying on the left) A by the appropriate elementary matrix.

Proof. The proof of this for row operation 3 above is given in Noble and
Daniel. For the first two row operations, we can see it is true as follows.

If we want to interchange rows 7 and j in A, we can do this by the product
E;;A. This follows because row 7 in F;; will contain all zeroes except in
column j, which will be 1. When this row is multiplied into A it will copy
row j of A into row ¢ of the product £;; A. Similarly, row j in Fj;; contains
all zeroes except in column ¢ which will be 1. Multiplying this row into A
copies row ¢ into j of the product F;; A.

For the second row operation, we consider £; (¢) A. The matrix E; (¢) is
a diagonal matrix with all diagonal elements equal to 1 except for row 7 will
be c. The product E;(c) A will thus copy all rows of A into the product,
except for row ¢ which will consist of all elements A;; of A multiplied by
c. U

Theorem 2. All the elementary matrices are nonsingular, meaning they

have inverses.
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Proof. To see this consider:

The inverse of E;; is Ei;] = Ej;, since E;; swaps rows ¢ and j and Ej;
swaps j and i, thus restoring the original. Also note that E;; = E}; since
both matrices swap rows 7 and j.

Ei(¢)"' = E;(1/¢), for ¢ # 0. This follows because F; (¢) multiplies
row i by ¢ and E; (1/c) multiplies row i by %, so the net result is that row ¢
is multiplied by ¢ x L = 1.

Eij (o) ' = E;j(—c). Since E;; (c) multiplies row j by ¢ and adds it to
row %, if we then multiply row j by —c and add this to the result, we subtract
the same amount from each element in row ¢ that was added by £;; (¢), thus
restoring the original matrix.

The net result of all this is that we can conclude the following:

(1) Each elementary row operation on a matrix A is equivalent to pre-
multiplication of A by the appropriate elementary matrix.

(2) Any sequence of elementary row operations is equivalent to premul-
tiplication of A by an appropriate sequence of elementary matrices.

(3) Each elementary matrix is nonsingular.

(4) The product of nonsingular matrices is itself nonsingular.

Theorem 3. This gives us the result: If a matrix B is obtained from another
matrix A by a sequence of elementary row operations, it can be written as

B=FA (1)

where F is a product of elementary matrices and is nonsingular, so F~!
exists. Thus B = F A implies that

A=F'B 2

Theorem 4. If a matrix B is related to another matrix A by means of ele-
mentary row operations, we write this as

B~ A 3

This relation is an equivalence relation. This means that it is reflexive so
that A ~ A, symmetric, so that B ~ A implies A ~ B, and transitive, so
that A ~ B and B ~ C implies A ~ C.

Proof. A ~ A is true because no row operations are required. Or, equiva-
lently, we can say that A = E;; (0) A, that is, we multiply some row j by 0
and add it to row ¢, which doesn’t change A.

To see that it is symmetric, we note fromthat if B~ A,then A= F1'B.
Since F' consists of a product of elementary matrices, and the inverses of all
these matrices are themselves elementary matrices (Theorem 2), then F1
is also a product of elementary matrices, so A ~ B.
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To prove transitivity, if A~ B, then B = FA. If B~ C then C =GB
where G is a product of elementary matrices. However, B = FFA so C' =
GF A and G F is a product of elementary matrices, so A ~ C. 0

PINGBACKS

Pingback: LU decomposition without interchanges
Pingback: Work measures in solving systems of linear equations


https://physicspages.com/pdf/Linear algebra/LU decomposition without interchanges.pdf
https://physicspages.com/pdf/Linear algebra/Work measures in solving systems of linear equations.pdf

	Pingbacks

