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Given a set of data points, we often wish to find a line or curve that

best approximates the data. The simplest such fit is a straight line, and the
method of least squares is one way of fitting a straight line to the data. Sup-
pose we are given a set of n measurements of some quantity yi at specific
times ti, for i= 1, . . . ,n. If we draw a straight line on a plot of these points,
then that line will have the general equation

y = at+ b (1)

for some constants a,b to be determined. In general, at each value ti of
the independent variable t, the measured value yi will be at some vertical
distance from the line. This distance is called the residual ri and is given

residualby

ri = y (ti)−yi (2)

To find the best fit, we would like to find values of a and b in 1 so that the
sum of absolute values ∑

n
i=1 |ri| is minimized. Dealing with absolute values

is, however, rather cumbersome, so as an alternative, we minimize the sum
of squares of the residuals. That is, we want find a and b so that S (a,b) is
minimized, where

S (a,b) =
n

∑
i=1

r2
i (3)

=
n

∑
i=1

(yi− (a+ bti))
2 (4)

If we multiply out the summand, we get

S (a,b) = α11a
2−2β1a+α22b

2−2β2b+2α12ab+γ (5)
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where
α11 = n

α12 =
n

∑
i=1

ti

α22 =
n

∑
i=1

t2i

β1 =
n

∑
i=1

yi

β2 =
n

∑
i=1

tiyi

γ =
n

∑
i=1

y2
i

(6)

To minimize S (a,b), we can take the partial derivative of S with respect to
a and then b and set these two derivatives to 0. These derivatives will give
minima, rather than maxima, since we can increase the value of S without
limit just by making the line more and more vertical. The equations we get
from these derivatives are

∂S

∂a
= 0→ 2α11a+2α12b−2β1 = 0 (7)

∂S

∂b
= 0→ 2α12a+2α22b−2β2 = 0 (8)

Cancelling the common factors of 2 and rearranging, we get the matrix form
of these equations as

Ax=B (9)
where

A=

[
α11 α12
α12 α22

]
(10)

x=

[
a
b

]
(11)

B =

[
β1
β2

]
(12)

In practice, the elements of A and B will all be known, so we can solve this
as a system of 2 linear equations in the two unknowns a and b to get the best
fit. The results are (using Maple to solve the equations):

a=
β1α22−β2α12

α11α22−α2
12

(13)
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Year 1900 1910 1920 1930 1940 1950 1960 1970 1980
Pop (×106) 76 92 105.7 123.2 131.7 150.7 179.3 203.2 226.5

TABLE 1. Population of the USA.

b=
β2α11−β1α12

α11α22−α2
12

(14)

Example 1. Given the approximate population of the USA (in millions) for
the decades from 1900 to 1980, we have Table 1.

Here, the years are the data points ti and the populations are the points
yi. Doing the calculations, we get

α11 = 9
α12 = 17460

α22 = 33.8784×106

β1 = 1288.3

β2 = 2.510405×106

(15)

Plugging these into 13 and 14 we find
a=−3446.8256
b= 1.8505

(16)

So our best fit straight line is

y =−3446.8256t+1.8505 (17)

If we plot this line as in Fig. 1 we see that it’s a reasonable fit.
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FIGURE 1. Least squares fit to population data.


