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GAUSS-REDUCED FORM

A p x ¢ matrix A can be reduced by Gaussian elimination| to what is
known as Gauss-reduced form. A Gauss-reduced matrix is an upper trian-
gular matrix which satisfies the following conditions. For an integer k& with
0 <k < p we have

(1) The first k rows of A are non-zero, meaning that they have at least
one element that is non-zero. The remaining p — k rows are zero,
meaning that all their elements are zero.

(2) The first non-zero element in each non-zero row is 1. The column
in which this occurs is known as the leading column.

(3) For each of the k leading columns, the leading column lies to the
right of the leading column for the row above.

(4) The ith element in the ith leading column is 1, and the jth entry in
that column is O for j > 3.

Example 1. Given

213 2
A=|00 1 -2 (1)
000 O

This is not in Gauss-reduced form since first entry in row 1 is 2 # 1. The
other requirements are met, however.

Example 2. Given

A= 2)

(=)
SO O
SO O

This is in Gauss-reduced form, with the leading column being column 2 in

row 1 as its first non-zero element is 1 in column 2.
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Example 3. Given
2
0 3)

This is not in Gauss-reduced form, as row 2 is a zero row, while row 3 is
not. Thus there is no number £ such that the first £ rows are non-zero, while
the remaining rows are zZero rows.

Example 4. If A is p x ¢ and I, is the p x p identity matrix, then the aug-
mented matrix [ I, A } is in Gauss-reduced form. We can see this from
an example. Suppose we use A from|l| Then p = 3 and ¢ = 4, so we have

1 00213 2
[IPA}:010001—2 4)
001000 O

We can see that all the requirements of Gauss-reduced form are met. The
leading column in row ¢ is column ¢ for ¢ = 1,2, 3. Note that if we reversed
the matrices in the augmented matrix to get [ A I, ], the resulting matrix
1s not in Gauss-reduced form, since we have

213 2 1

[ A I, ] =001 -2 0

000 O OO

The 2 in location (1,1) contradicts requirement 2 (that the first non-zero

element must be 1). If we divided row 1 by 2, then the result would be in
Gauss-reduced form.

0
0 5)
1

RANK OF A MATRIX

When a matrix is in Gauss-reduced form, the number & of non-zero rows
is known as the rank of the matrix. The matrix [2] above has rank 1, as there
is only 1 non-zero row. To find the rank of the other two matrices above, we
must first convert them to Gauss-reduced form. For matrix [T} we need only
divide row 1 by 2 to get

| % % .
A=1001 -2 (6)
|00 0 0 |
The result A’ has rank 2. For matrix [3| we interchange rows 2 and 3 to get
[1 3 -1 2]
A=101 1 3 (7)
100 0 0

Again, this has rank 2.
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Example 5. Given

1 1 -8 —14
A=|3 -4 =3 0
2 —1 -7 —10

We apply Gaussian elimination to get

1 1 -8 —14 ]
A= |0 =7 21 42
2 —1 -7 —10

1 1 -8 —14 ]
—10 =7 21 42
0 -3 9 18

1 1 -8 —14]
—10 =7 21 42
(00 0 0

To get Gauss-reduced form, we divide row 2 by —7 to get

11 -8 —14
A=101 -3 -6
00 O 0

This has rank 2.

Example 6. Given

1 -2 1 4
Azlz -3 -1 2}

Gaussian elimination gives

12 1 4
A%{o 1 -3 —6}

This is already in Gauss-reduced form, and the rank is 2.

Example 7. Given

SO O -
S N N
NN W
i S @) QNN
[ EEN e BN

®)

©)

(10)

(11)

(12)

(13)

(14)

(15)
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We apply Gaussian elimination to get (I’ve omitted the details to save space,
but there’s nothing tricky here. Just use the normal rules for Gaussian elim-
ination):

12 3 4 7

05 7 6 8
A=100 =5 -2 —1 (16)

1 2

00 0 1 -2

We can get Gauss-reduced form by dividing row 2 by 5, row 3 by —5 and
row 4 by % We get

1 2 3 4 7
o1 Z & 8
Al = 5 17
0012 1 a7
000 1 =2
As there are no zero rows, the rank is 4.
Example 8. Given
4 -1 2 6
A=| -1 5 -1 -3 (18)
3 4 1 3
Gaussian elimination gives
4 -1 2 6
19 1 3
A= 10 7 —5 —3 (19)
O 0 0 O

Gauss-reduced form is obtained by dividing row 1 by 4 and row 2 by % to
get

r—1 3
i 2 2

[0
o

A = _2

(20)

SO =
S
e
O
O

1
0
The rank is 2.

Example 9. Given a p X p matrix A, with rank & < p. Then A is singular.
To see this, from the definition of a singular matrix we know that it has no
inverse. Since the rank is k& < p, there is at least one row of A that is a zero
row. Multiplying A into any other p X p matrix will thus result in at least
one zero row in the product. However, if an inverse A~ exists, it must be a
p X p matrix, and the product AA~! must be the identity matrix I, in which
one element in each row must be 1. That is, AA~! cannot have any zero
rows. Thus A~! does not exist and A is singular.
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