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A band matrix is a matrix all of whose elements are zero except for the
main diagonal and in the subdiagonals on either side of the main diagonal. If
n subdiagonals above the main diagonal contain nonzero elements, the band
matrix has an upper bandwidth of n. If m subdiagonals below the main
diagonal contain nonzero elements, the band matrix has a lower bandwidth
of m. The special case where n = m = 1, that is, only one subdiagonal
on either side of the main diagonal contains nonzero elements, is called a
tridiagonal matrix.

The LU decomposition of band matrices has special properties. We con-
sider first tridiagonal matrices. If we can perform the decomposition with-
out interchanging rows, then each diagonal element can serve as the pivot
only for the row immediately below it, since all other elements in rows be-
low this are zero. Thus the multiplier my, ;1 is nonzero and all other mul-
tipliers m; 1 for j > k are zero. Since it is the negative of the multiplier
that is inserted into the lower triangular matrix L in the LU decomposi-
tion A = LU, L has lower bandwidth 1. That is, where L is a junit-lower
triangular matrix:

1 0 0
—-m 1 U
L=| * . (1)
0 —132 0
: 1

For U, each step in the elimination adds a multiple of row £ to row k41,
eliminating the element (k+ 1,k). However, row k4 1 has nonzero ele-
ments only in columns k£ + 1 and k + 2, since A is tridiagonal. Thus row
k + 1 will have nonzero elements only in columns &£+ 1 and k + 2 after el-
ement (k+ 1,k) has been eliminated. Thus U has an upper bandwidth of

1.
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Example 1. Consider

2 2 0 0 O
-3 -2 0 0 O
A= O -3 -1 2 0 )
O 0 3 1 -1
O 0 0 2 0
By doing regular Gaussian elimination we find
1 0O 0 0O
-3 1 0 00
L= 0O -3 1 00 3)
0O 0 3120
0 0 0 21
[2 2 0 0 0
01 0 0 O
U=]00 -1 2 0 4
00 0 7 -1
00 0 0 3

If row interchanges occur, things are bit more complicated. The key point
is that, when we interchange two rows, there is no point in swapping a
row with a nonzero pivot with a row with a zero in the pivot position, as
we would just need to do another swap to get rid of this zero in the pivot
position. Therefore, the only feasible swap of a row k is with row £+ 1,
which has potentially nonzero entries in columns %,k + 1 and k& + 2. The
entry in column £ is now the pivot used to eliminate entries in that column in
rows below the pivot row. However, in doing the swap, we have introduced
a nonzero entry into column k + 2 at position (k,k~+2). Thus the upper
triangular matrix U now has upper bandwidth 2.

If we swap row k with row k + 1 and continue to do this until we reach
the last row, we will have swapped row 1 with row p in a p X p matrix, so
that the new row p will have nonzero entries in columns 1 and 2. Thus the
pivot in the new rows 1 and 2 will now have to be used to eliminate these
entries. The multipliers needed to do this will end up in locations (p, 1)
and (p,2) in the lower triangular matrix L, so that L could potentially have
nonzero elements anywhere in the lower triangular portion of the matrix.
This portion contains p — 1 subdiagonals, so L can have lower bandwidth

p—1.

Example 2. As an example of this, we consider again the matrix A in
Although we don’t need to do any swaps to find the LU decomposition, we
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can do some anyway to see how it works. We permute the rows so that we
swap row 1 with row 2, then 2 with 3, 3 with 4 and 4 with 5. Thus the
original row 1 ends up in row 5, and all the other rows move up one row.
The permutation matrix P that does this is

010

s
|
—oc oo

00
00
1 0 5)
0 1
00

SO OO
S oo

The result of applying these permutations to A is

-3 -2 0 0 O
0 -3 -1 2 0
PA=] 0 0 3 1 -1 (6)
0O 0 0 2 O
2 2 0 0 O

Note that P A is no longer a tridiagonal matrix. If we do Gaussian elimina-
tion to find Lo and Uy, we get

1 0 0 00
0 1L 0 00
Ly=[ 0 0 1 00 )
0 0 0 10
2 2 _2 1
3 9 27 27
-3 -2 0 0 0
0 -3 -12 0
U=|0 0 3 1 -1 (8)
0 0 0 2 0
0 0 0 0 —%

Note that L has lower bandwidth 4 and Uy has upper bandwidth 2. We can
verify that

A= PTLyU, )

by direct multiplication. This result can be transformed into one where U
is unit upper triangular by reversing the process described at the end of the
earlier post. We form the diagonal matrix

27

where the elements are the diagonal of Uy. We then have

L = LoDy (11)

2
Dy = diag (—3,—3,3,2,——) (10)
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U= Dy'Uy (12)
This gives
-3 0 0 0 O
0 -3 0 0 0
L= 0 0 3 0 0 (13)
0 0 0 2 0
2 2 14 _2
L 3 9 27 27
[1 20 0 0
o011 -2 0
U={001 4 -1 (14)
000 I O
(000 0 1
Again, we have
A=PTLU (15)

These results can be generalized to the case where the band matrix has
an upper bandwidth n and lower bandwidth m. For no row interchanges,
the reasoning above for tridiagonal matrices shows us that the bandwidths
are preserved in L and U. That is, L will have a lower bandwidth of m and
U will have an upper bandwidth of n.

If row interchanges are allowed, the same logic applies. That is, we can
only swap row k with row k£ + 1 to preserve a nonzero pivot, except in the
case where the first row ends up as the last row in the permuted matrix, as
in the example above. Swapping row k with row £+ 1 can introduce up to
m nonzero elements into the subdiagonals above the main diagonal in row
k in addition to the n that it already had. Thus the upper bandwidth of U
can be up to m +n. In the case of a tridiagonal matrix, m =n =1 and U
has upper bandwidth 2, as required.

For the lower triangular matrix L, the same reasoning as above shows
that it can still have nonzero entries in any of its lower triangular elements,
so it still has lower bandwidth p — 1 for a p x p matrix A.



