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LU decomposition is the process of decomposing a p× p matrix A into

the product of a lower triangular matrix L and an upper triangular matrix
U . It is done by applying Gaussian elimination to A as we saw in the earlier
post. In that post we considered the case where U is a unit upper triangular
matrix, that is, the diagonal consists entirely of 1s. This is possible only
if the original matrix A is nonsingular. For singular matrices, it is still
possible to find an LU decomposition, but in this case it is L that is a unit
lower triangular matrix, and U is still upper triangular, but not necessarily a
unit upper triangular matrix.

The theorems dealing with this are given in Noble & Daniel’s Section
3.7. As these proofs don’t help us in actually finding L and U we won’t
consider them here.

Example 1. Consider

A=

[
2 0
6 0

]
(1)

which is a singular matrix as its determinant is zero. To find L and U here,
we use Gaussian elimination, but this time we don’t divide the first row by
the pivot α11 = 2. The multiplier to eliminate 〈A〉21 is −3. When this is
done, the original matrix A has been reduced to the upper triangular matrix
U . The negative of the multiplier is inserted into L at the (2,1) position.
The diagonal of L is always taken to be composed of 1s. Thus we get

A= LU (2)

=

[
1 0
3 1

][
2 0
0 0

]
(3)

Example 2. Consider

A=

[
2 3
4 6

]
(4)

Again, this is singular, with a zero determinant. The first pivot is 〈A〉11 =
α11 = 2, and the multiplier to eliminate 〈A〉21 is m21 = −2. The reduced
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form of A gives us U and L is formed by taking its (2,1) element to be
−m21 = 2. Thus we have

A= LU (5)

=

[
1 0
2 1

][
2 3
0 0

]
(6)

Example 3. A more substantial example is

A=


2 2 3 4
−4 −4 1 4
−2 −2 4 8
6 6 2 2

 (7)

We wish to eliminate the entries in the first column from rows 2 to 4. The
multiplier to eliminate the−4 is m21 = 2, then we have m31 = 1 and m41 =
−3. This reduces A to

A→


2 2 3 4
0 0 7 12
0 0 7 12
0 0 −7 −10

 (8)

We get the first column of L by using the negatives of the multipliers:

L=


1 0 0 0
−2 1 0 0
−1 ∗ 1 0
3 ∗ ∗ 1

 (9)

where the * entries are to be determined. From 8 we see that column 2 is
already reduced, so the multipliers here are m32 =m42 = 0, which can be
inserted into L to get

L=


1 0 0 0
−2 1 0 0
−1 0 1 0
3 0 ∗ 1

 (10)

Finally, we can reduce row 4 in 8 by adding row 3 to it, so the multiplier is
m43 = 1 and the final entry in L is 〈L〉43 =−m43 =−1, so we have

L=


1 0 0 0
−2 1 0 0
−1 0 1 0
3 0 −1 1

 (11)
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A at this stage is

A→


2 2 3 4
0 0 7 12
0 0 7 12
0 0 0 2

 (12)

The final reduced form of A becomes U , so we have

U =


2 2 3 4
0 0 7 12
0 0 7 12
0 0 0 2

 (13)

and

A= LU (14)

=


1 0 0 0
−2 1 0 0
−1 0 1 0
3 0 −1 1




2 2 3 4
0 0 7 12
0 0 7 12
0 0 0 2

 (15)

For nonsingular matrices it is possible to find two LU decompositions,
one where U is unit upper triangular, and the other where L is unit lower
triangular. To revisit the example from the earlier post, where we showed
that

A=


−2 2 −4 −6
−3 6 3 −15
5 −8 −1 17
1 1 11 7

 (16)

= LU (17)

=


−2 0 0 0
−3 3 0 0
5 −3 −2 0
1 2 3 2




1 −1 2 3
0 1 3 −2
0 0 1 2
0 0 0 1

 (18)

To convert this to L0U0 where L0 is unit lower triangular, we consider the
matrix

D0 = diag(α11,α22,α33,α44) (19)

=


−2 0 0 0
0 3 0 0
0 0 −2 0
0 0 0 2

 (20)
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That is, D0 is matrix consisting of the diagonal elements of L. For a non-
singular matrix, all these elements will be nonzero, so D0 has an inverse.
Then we can write

L0 = LD−1
0 (21)

U0 =D0U (22)

since L0U0 = LD−1
0 D0U = LU = A. Here, we have

D−1
0 =


−1

2 0 0 0
0 1

3 0 0
0 0 −1

2 0
0 0 0 1

2

 (23)

L0 =


1 0 0 0
3
2 1 0 0
−5

2 −1 1 0
−1

2
2
3 −3

2 1

 (24)

U0 =


−2 2 −4 −6
0 3 9 −6
0 0 −2 −4
0 0 0 2

 (25)

We can verify by direct multiplication that A= L0U0.
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