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LU decomposition is the process of decomposing a p X p matrix A into
the product of a lower triangular matrix L and an upper triangular matrix
U. Itis done by applying Gaussian elimination to A as we saw in the earlier
post. In that post, we examined the case where the Gaussian elimination
did not require any interchanges of rows in the original matrix A. In some
cases, however, we must interchange rows to do the elimination.
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To do Gaussian elimination, we usually start by using the element (A),,

to reduce (A),, to zero. However, we cannot do that in this case because
(A),; =0. Thus we swap the two rows to get

, 2 4
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The first pivot is now 11 = 2 and the multiplier is m,; = 0 since the element
(A"),, is already zero. The second pivot is iy = 2 so we have

Example 1. Consider

A =LU 3)
where
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We can get A’ from A by multiplying it by a permutation matrix P which
permutes the rows in A. In this case, we have

A'=PA 5)
1
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where
0 1
P= { 1 0 } (6)
Therefore
PA=LU (7)

and, since the inverse of a permutation matrix is the transpose, since this
performs the inverse permutations, we have

pt=p" (8)

and
A=PTLU &)

In this case, this can be verified by direct multiplication.

Example 2. For a more substantial example, consider

2 4 0 -2
4 -8 0 3

A= 3 7 2 4 (10)
5 6 1 -8

If we try to do Gaussian elimination without interchanges, we use the first
row to eliminate the first column in the remaining rows. This gives

1 2 0 -1
0 0 0 -1

A— 0 1 2 7 (11)
0 41 -3

At this point, we’re stuck since row 2 contains a zero in position (2,2) so
we can’t use it as a pivot. We need to exchange rows to proceed. We would
like to put row 2 in row 4, since it contains zeros everywhere except in the
fourth column. We should put row 3 in A into row 2, since it contains a 1
in the second column and can be used immediately as a pivot. This leaves
row 4, which gets moved to row 3. Thus the permutation required is

3—42—4—-73 (12)
This can be done with the permutation matrix
000

1
0010
P=1000 1 (13)
0100
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If you’re uncertain about this, just multiply out PA where A is as given in
[10]and you’ll see it does the required swaps. We can now perform Gaussian
elimination on the permuted matrix P A, which is

2 4 0 =2
37 2 4

PA= s 6 1 -8 (14)
-4 -8 0 3

It’s important to note that we must do the permutation on the original ma-
trix A, that is, before any row operations are done on it. That is, we must
permute A in[10]and not the matrix in[I1] where some row operations have
already been done on it.

The procedure for doing the elimination and finding L and U is the same
as in the earlier post, since no interchanges are needed. The result is

PA=LU (15)
where
2 0 0 0
31 0 0
L= 5 =49 0 (16)
| -4 0 0 -1
1 2 0 —1
012 7
"=loo 1 z (7
1000 1
The original matrix A can then be written by multiplying both sides of
by P~ = PT:
A=P'LU (18)
where
1 00O
r [0 001
P= 0100 (19)
0010

Again, this can be verified by direct multiplication.
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