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Gaussian elimination/ is a method of transforming a matrix by applying
elementary row operations. If a matrix A can be transformed into unit upper
triangular form, that is, an upper triangular matrix U with all diagonal ele-
ments equal to 1, then it can be decomposed into a product of a lower trian-
gular matrix L and the unit upper triangular matrix U obtained by Gaussian
elimination. The proof of this is fairly involved and not terribly illuminat-
ing, but is given in Noble and Daniel as Theorem 3.48.

Here we’ll illustrate the procedure by which L and U may be obtained.
This is best done through an example.

Example 1. Given the matrix

2 1 -2
A=|4 -1 2 (1)
2 —1 1

we will find L and U. The diagonal elements of L are the pivots «;; in row
¢ used at each stage in the Gaussian elimination. For A the first pivot is
a1 = 2, the element in the first row and first column. To use this pivot to
eliminate the elements in the first column in rows 2 and 3, we divide row 1
by the pivot 11 and then find the multiplier m; needed so that m;; times
row 1 added to row j gives a zero in column 1. The entry at position (7, 1)
in L is the negative of this multiplier, that is —m .
Since 1 = 2, the (1,1) element of L is 2, so we have

L= 0 2)

with the remaining elements to be determined.
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Returning to A, dividing row 1 through by 11 = 2 gives us

1 3 -1
A= |4 -1 2 3)
2 -1 1

To eliminate entry (2, 1) we must multiply row 1 by —4 and add it to row 2.
Thus my; = —4. This gives

1 3 -1
A= 1|10 -3 6 4)
2 -1 1
Inserting —my into L gives
2 00
L=|4 0 5

Returning to A in|4] the multiplier m3; = —2 to eliminate A3;. Multiplying
row 1 by —2 and adding to row 3 gives

1
(I

A— 10 3 6 (6)
0O -2 3
Inserting —m3; = 2 into L gives
2 00
L= 4 0 @)
2
From E] we see that the next pivot is apy = —3 so putting this into L gives
2 0 0
L=14 -3 0 (8)
2
Dividing row 2 of [6| by app = —3 we get
1 3 -1
A=1]10 1 =2 )
0O -2 3

We wish to use row 2 to eliminate the entry in position (3,2) so the multi-
plier is m3y = 2. Adding m3; times row 2 to row 3 gives

1

1
2
A— 10 1

-2 (10)
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Inserting —m; into the (3,2) position in L gives

2 0 0
L=|4 -3 0 (11)
2 -2

The final pivot in|10|is sz = —1, so this is entered into the (3,3) position
in L to give the final form:

2 0 0
L=1|4 =3 0 (12)
2 2 1

Finally, we divide row 3 in[I0]by a33 = —1 to give U:

15 -1
U=|01 -2 (13)
00 1

The original matrix A in[l]is product of L and U
A=LU (14)
This can be verified by direct multiplication.

Example 2. Here’s another example, this time with some steps condensed
for brevity. Given

2 2 4 —¢
3 6 3 -I5
A=15 ¢ 1 17 (15)

1 1 11 7

The first pivot is arj; = —2 giving after dividing row 1
1 -1 2 3
A -3 6 3 -15 (16)

5 -8 -1 17
1 1 11 7

Using row 1 to eliminate the first column in the other rows, we have m,; =
3, may = —5and my1 = —1 so

1 -1 2 3
0 3 9 —6

A=10 3 11 2 a7
0 2 9 4
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We have for L so far:

-2 000
-3 00
L= 5 0 (18)
1
The next pivot in 1S any = 3, so dividing row 2 by 3 gives
1 -1 2 3
0 1 3 =2
A=10 23 211 2 (19)
0o 2 9 4
The multipliers are now m3, = 3 and my4, = —2 so we have
1 -1 2 3
0 1 3 =2
A— 0 0 -2 —4 (20)
0 O 3 8
Inserting into L we have
-2 0 00
-3 3 00
L= s 3 0 (21)
1 2
From@ the next pivot is a3z = —2 so dividing row 3 by this gives
(1 -1 2 3 ]
O 1 3 =2
A— 0 0 1 2 (22)
i 0O 0 3 8 |
The multiplier required to eliminate element (4, 3) is mg3 = —3 so we get
1 -1 2 3
O 1 3 -2
A— 00 1 2 (23)
i 0O 0 o0 2 |
The last pivot is aus = 2 so we get for L:
-2 0 0O O
-3 3 0O O
L= 5 -3 -2 0 (24)
1 2 3 2
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We can read off U by dividing row 4 in 23| by au4 to get

1 -1 2 3
0O 1 3 -2
U=1l0o 0 1 2 (25)
0O 0 0 1
As before
A=LU (26)
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