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The identity matrix / is a p X p square matrix with all diagonal entries
equal to 1 and zeroes elsewhere. It acts as an identity as its product with
any other square p X p matrix A gives A. In this respect it acts much as the
number 1 acts with respect to real numbers. That is

TA=AI=A (1)
Just as a non-zero real number 7 has an inverse or reciprocal 7! = % a
matrix A may have an inverse. [ say 'may’ as not all matrices have inverses.
Since matrix multiplication is not commutative, there may exist one inverse
L, called the left inverse that multiplies A on the left to give I, and another
matrix R that multiplies A on the right to give /. Some matrices will have
one inverse but not the other, some will have both, and some will have
neither.

It is possible for a non-square matrix A to have an inverse, although most
applications in physics deal with inverses of square matrices. We’ll look at
the more general case here.

To find the inverse of a matrix usually involves solving a set of simulta-
neous algebraic equations. This is best seen with an example.

Given
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we can try to find a left inverse L. Since the product must give LA = I and
I must be square, L must be a 2 X 3 matrix so that / is 2 X 2. So we would
like
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Carrying out the matrix product gives us a set of 4 linear equations:

a+b+2c=1
—a+b+3c=0

d+e+2f=0 “)
—d+e+3f=1

This is a set of 4 equations in 6 unknowns, so we can determine 4 of the
variables in terms of the other 2. The first two equations are independent of
the last two, as they contain mutually exclusive sets of variables. Adding
the first two we get

2b+5c=1 (%)
or
1 5
b=—-—= 6
57 5¢ (6)
Substituting back gives
1 ¢
=—-+= 7
a=5+3 (N
Similarly, we can solve the last two equations to give
1
d=—1+1
22
(®)
1 5 f
e==—=
2 2

Thus c and f are arbitrary, and we get

1 1 _5
1 0 L2 0 0 O

2
In this case, there are an infinite number of inverses, depending on what
values we choose for ¢ and f.
However, A doesn’t have a right inverse R. If it did, it would have to
have the form AR = I with

R:[g h k} (10)
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As we now have a 3 x 2 matrix A multiplying a 2 x 3 matrix R, the identity
we seek has dimension 3 x 3 so we get a system of 9 simultaneous equations
for 6 variables. The system of equations now becomes

g—{=1
g+L=0 (11)
2g+30=0
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and 6 others. However, we can see from just these 3 equations that there is
no solution. Adding the first two gives

291 (12)
SO
1
9=
2 (13)
o1
2

However, this doesn’t satisfy the third equation in[I T} so there is no solution.

For a square matrix, things are a bit simpler. If a square matrix has a left
inverse, then it also has a right inverse and the two inverses are equal. We
can see this from the following argument.

Let L be the left inverse, so that LA = I and R be the right inverse so
that AR = I. Since all three matrices have the same dimension of p X p as
they are all square matrices, then using the fact that matrix multiplication is
associative

L(AR)=LI=1L (14)
(LAYR=1L (15)
IR=L (16)
R=1L (17)

However, not all square matrices have inverses. More on this later.
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