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As a rather primitive example of using matrices, we’ll have a look at a

simplified model of competing businesses. Suppose we have three busi-
nesses that all deal in the same product, such as toothpaste. The simplifying
assumptions we’ll make are as follows.

We assume that the number N of consumers is constant over time. At
the beginning of our analysis, we assume that business 1 has a fraction x0
of the market, business 2 has a fraction y0 and business 3 has a fraction z0.
Since the three businesses are the only ones, the total of the fractions must
sum up to 1:

x0 +y0 + z0 = 1 (1)

We now assume that, after a year has passed, that business 1 retains a frac-
tion a11 of its initial market, obtains a fraction a12 of business 2’s market
and a fraction a13 of business 3’s market. We assume analogous things
about businesses 2 and 3. Then, after a year has passed, the fractions of the
market held by each of the businesses is given by

x1 = a11x0 +a12y0 +a13z0 (2)
y1 = a21x0 +a22y0 +a23z0 (3)
z1 = a31x0 +a32y0 +a33z0 (4)

Since the fraction retained by one business and the fractions lost to other
businesses must add up to the total market, we must have

a1i+a2i+a3i = 1 (5)

for i = 1,2,3. For our last assumption, we assume that these fractions are
constant over time, so the values aij are constants. All these assumptions
aren’t very realistic, but they’ll do for our simple example.

The equations above can be represented in matrix form as

X1 = AX0 (6)
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where

X0 =

 x0
y0
z0

 (7)

A=

 a11 a12 a13
a21 a22 a23
a31 a32 a33

 (8)

As a concrete example, we’ll use the following numbers.

X0 =

 0.4
0.2
0.4

 (9)

A=

 0.85 0.15 0.05
0.05 0.75 0.05
0.10 0.10 0.90

 (10)

Note that the entries in X0 and the columns of A all add up to 1. With these
values, we get after the first year

X1 =

 0.39
0.19
0.42

 (11)

Again, the entries of X1 add up to 1.
Since the values in A are constants, we can find the market shares in

future years by calculating powers of A. For the second year

X2 = AX1 = A2X0 (12)

We find

X2 =

 0.381
0.183
0.436

 (13)

We can test experimentally (using Maple) to see if there is a limiting be-
haviour. That is, do the market shares converge to constant values after
many years? One way of doing this is to solve the system of equations
given by

AX =X (14)
x+y+ z = 1 (15)

where

X =

 x
y
z

 (16)
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This system of equations has the solution

X =

 1
3
1
6
1
2

 (17)

Another way of looking at it is if we find the limiting value of An for
large n and then find AnX0 using this limiting value. Using Maple, we find
that

A100 =

 0.333333333435185 0.333333333435184 0.333333333231481
0.166666666666666 0.166666666666667 0.166666666666666
0.499999999898148 0.499999999898148 0.500000000101851


(18)

The product is then

A100X0 =

 0.333333333353703
0.166666666666667
0.499999999979629

 (19)

Thus it looks like our solution 17 is correct, although this is not a rigorous
proof.

This situation is an example of a Markov chain. A Markov chain is an
iterative process in which the result of one iteration depends only on the
values in the previous iteration. In our case, the market shares Xi+1 in iter-
ation i+1 are determined from the shares Xi in iteration i, by multiplying
by the transition matrix A.


