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We’ll begin our study of linear algebra with the basics, starting with the

definition of the matrix and a few of its elementary properties.

Definition 1. A matrix is a rectangular array of real or complex numbers
or algebraic symbols called entries or elements enclosed in brackets. A
matrix has p rows and q columns, so the total number of elements is pq.
The element in row i and column j can be written as 〈M〉ij , [M ]ij or mij .
A matrix M can thus be written as

M =


m11 m12 . . . m1q
m21 m22 . . . m2q

...
... . . . ...

mp1 mp2 . . . mpq

 (1)

For example, with

M =


1 2 3
4 5 6
7 8 9
10 11 12

 (2)

we have

〈M〉11 = 1

〈M〉23 = 6

〈M〉42 = 11
(3)

and so on.

Definition 2. A square matrix is a matrix with an equal number of rows and
columns, so p= q.

Definition 3. A diagonal matrix is a square matrix all of whose elements
off the main diagonal (that is, the diagonal running from upper left to lower
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right) are zero. For example the matrix D is diagonal, where

D =

 1 0 0
0 2 0
0 0 3

 (4)

A diagonal matrix can also be written as

D = diag(d1,d2, . . . ,dp) (5)

where the elements di are the elements on the diagonal of the matrix.

Definition 4. A lower triangular matrix L is a general (not necessarily
square) p× q matrix satisfying

〈L〉ij = 0 if i < j, for 1≤ i≤ p (6)

An example of a non-square lower triangular matrix is

L=

 1 0 0 0
2 3 0 0
4 5 6 0

 (7)

An example of a square lower triangular matrix (the most common type) is

L=

 1 0 0
2 3 0
4 5 6

 (8)

Definition 5. An upper triangular matrix U is a general p× q matrix satis-
fying

〈U〉ij = 0 if i > j, for 1≤ i≤ p (9)
Examples of upper triangular matrices are

U =

 1 2 3 4
0 5 6 7
0 0 8 9

 (10)

U =

 1 2 3
0 4 5
0 0 6

 (11)

U =


1 2 3
0 4 5
0 0 6
0 0 0

 (12)

Definition 6. A unit-lower (-upper) triangular matrix T is a lower (upper)
triangular matrix with all diagonal elements equal to 1. Formally this is

〈T 〉ii = 1 for 1≤ i≤min(p,q) (13)
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An example of a unit-lower-triangular matrix is

T =

 1 0 0 0
2 1 0 0
3 4 1 0

 (14)

Unit-upper-triangular matrices are

T =

 1 2 3 4
0 1 5 6
0 0 1 7

 (15)

T =


1 2 3
0 1 4
0 0 1
0 0 0

 (16)

Note that the diagonal is always the diagonal starting with the upper-left
element.
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