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SCALAR MULTIPLICATION

A matrix can be multiplied by a scalar quantity r (a single number or
algebraic expression). This involves multiplying each element in the matrix
by the scalar. Multiplying a matrix A by a scalar r is written rA, and the
elements of the product are determined from

〈rA〉ij = r 〈A〉ij (1)

Example 1. Given

A=

 1 3 x y
4 9 −12 z
0 5 −1 −6

 (2)

we have

3A=

 3 9 3x 3y
12 27 −36 3z
0 15 −3 −18

 (3)

xA=

 x 3x x2 xy
4x 9x −12x xz
0 5x −x −6x

 (4)

There are several scalar multiplication laws, as listed in the following
theorem.

Theorem 1. Scalar multiplication of matrices A and B by scalars r and s
obey the following rules:

(r+s)A= rA+sA (5)

This follows from 1 since

〈(r+s)A〉ij = (r+s)〈A〉ij (6)
1
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= r 〈A〉ij +s〈A〉ij (7)

= 〈rA〉ij + 〈sA〉ij (8)

r (sA) = (rsA) (9)

We have

〈r (sA)〉ij = r 〈sA〉ij (10)

= rs〈A〉ij (11)

= 〈rsA〉ij (12)

r (A+B) = rA+ rB (13)

From the definition of matrix addition we have

〈r (A+B)〉ij = r 〈A+B〉ij (14)

= r
(
〈A〉ij + 〈B〉ij

)
(15)

= 〈rA〉ij + 〈rB〉ij (16)

= 〈rA+ rB〉ij (17)

(−1)A=−A (18)

From the negation of a matrix we have

〈(−1)A〉ij = (−1)〈A〉ij (19)

= 〈−A〉ij (20)

0A= 000 (21)
That is, multiplying any matrix by the scalar 0 gives a zero matrix with the
same dimensions. We have

〈0A〉ij = 0〈A〉ij (22)
= 0 (23)

= 〈000〉ij (24)

r000 = 000 (25)
That is, multiplying the zero matrix by any scalar gives the same zero ma-
trix. We have

〈r000〉ij = r 〈000〉ij (26)
= r×0 (27)
= 0 (28)

= 〈000〉ij (29)
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Although these results may seem obvious, it’s important be rigorous in their
proofs, since a matrix is not an ordinary number, so we can’t just assume
that it obeys the same rules as ordinary numbers. This becomes evident
when we look at matrix multiplication (later).

TRACES

The trace of a matrix is defined only for a square matrix (equal numbers
of rows and columns). It is the sum of all elements along the main diagonal.
That is, for a p×p matrix

tr(A)≡
p

∑
i=1
〈A〉ii (30)

A couple of properties of the trace are

tr(A+B) = tr(A)+ tr(B) (31)

This follows from

tr(A+B) =
p

∑
i=1
〈A+B〉ii (32)

=
p

∑
i=1

(〈A〉ii+ 〈B〉ii) (33)

=
p

∑
i=1
〈A〉ii+

p

∑
i=1
〈B〉ii (34)

= tr(A)+ tr(B) (35)

We also have
tr(rA) = r [tr(A)] (36)

This follows from

tr(rA) =
p

∑
i=1
〈rA〉ii (37)

=
p

∑
i=1

r 〈A〉ii (38)

= r
p

∑
i=1
〈A〉ii (39)

= r [tr(A)] (40)
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