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Our first example of matrix arithmetic is the addition of two matrices A

and B. In order for two matrices to be added, they must have the same
number p of rows and the same number q of columns. Then we define the
sum of A and B to be:

Definition 1. The sum is defined as

〈A+B〉ij = 〈A〉ij + 〈B〉ij for 1≤ i≤ p and 1≤ j ≤ q (1)

That is, the sum of two matrices is found by adding each pair of elements
from the two matrices.

Example 1. Given

A=

 1 3 x y
4 9 −12 z
0 5 −1 −6

 (2)

B =

 −4 6 x 2y
−9 4 3 7
5 −3 −2 1

 (3)

we have

A+B =

 −3 9 2x 3y
−5 13 −9 7+ z
5 2 −3 −5

 (4)

Example 2. Given

C =


4 −8 x
y 7 −13
2z 0 5
−4 55 12

 (5)

Neither A+C nor B+C is defined, since C does not have the same num-
bers of rows and columns that A and B have.
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Since matrix addition involves only the sum of corresponding pairs of
elements, the properties of addition of numbers (or algebraic quantities)
also apply to matrix addition. In particular,

Theorem 1. Matrix addition is both commutative and associative. That is

A+B =B+A (6)

(A+B)+C = A+(B+C) (7)

Proof. Commutativity is due to the commutativity of individual numbers.
From 1, we have

〈A+B〉ij = 〈A〉ij + 〈B〉ij (8)

= 〈B〉ij + 〈A〉ij (9)

= 〈B+A〉ij (10)

Similarly, associativity follows from

〈(A+B)+C〉ij = 〈A+B〉ij + 〈C〉ij (11)

= 〈A〉ij + 〈B〉ij + 〈C〉ij (12)

= 〈A〉ij + 〈B+C〉ij (13)

= 〈A+(B+C)〉ij (14)

�

Definition 2. The zero matrix 0 is the p× q matrix all of whose elements
are zero. That is

〈000〉ij = 0 for 1≤ i≤ p and 1≤ j ≤ q (15)

From the properties of matrix addition above, we see that

A+000 = 000+A= A (16)

Definition 3. The negation of a matrix A, written as−A, is the matrix all of
whose elements are the negative of the corresponding elements in A. That
is

〈−A〉ij =−〈A〉ij for 1≤ i≤ p and 1≤ j ≤ q (17)

Definition 4. The difference of two matrices A and B, written A−B, is
defined as

A−B = A+(−B) (18)
Therefore

〈A−B〉ij = 〈A〉ij−〈B〉ij for 1≤ i≤ p and 1≤ j ≤ q (19)

In particular
A−A= 000 (20)
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Example 3. With A and B defined as in Example 1, we have

A−B =

 5 −3 0 −y
13 5 −15 z−7
−5 8 1 −7

 (21)

B−A=−(A−B) (22)

=

 −5 3 0 y
−13 −5 15 7− z

5 −8 −1 7

 (23)

Definition 5. Two matrices A and B are equal if and only if they contain
the same number p of rows and the same number q of columns, and all
corresponding elements are equal. That is, A=B if and only if

〈A〉ij = 〈B〉ij for 1≤ i≤ p and 1≤ j ≤ q (24)
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