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Gaussian elimination can be used to find the inverse of a matrix. To
see how this works, consider the equation defining the inverse of a matrix.
Given a matrix A, such as

azip a2
the inverse M = A~! is defined by the property
AM =1 2)
where [ is the identity matrix. If we write out M as
M= [ mip miz } 3)
mpp Mo

then we are effectively solving two systems of linear equations

ayymiy +appmy; =1

4)
azimii +azpmy; =0
and
ajymiz +ajpmy =0
_1 )
a1mi2 + amoz =
The first system can be written as the augmented matrix
Can ap| 1]
6
| a21 a2 |0 | ©)
and the second system as
ann app |0 ] 7
| a2 axn |1 |

We can solve each of these using Gaussian elimination, but notice that this
process gives the same result for the a;; elements; the only difference is the

results on the right column of the augmented matrix. We can save time by
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doing both eliminations simultaneously, using a multiply-augmented ma-
trix. That is, we write the two systems in a single matrix as

air a2
azp a2

110
01] 8)

Using Gaussian elimination, we subtract ay; /a;; times row 1 from row 2 to

get
all alz 1 0 :|
_anan | _ay ©)
|: 0 a2 aiy aiy 1
Dividing row 2 by az — “2;—1“1‘2 gives
ai; ap 1 0
~1 ~1 (10)
azi __ a21012 __ az1a12
0 1 | (om o) | (o - i)
Referring back to the original equations 4 and [5| we see that
~1
az] az1a12
mpp = ——— | ax —
ar an
_ azy
aa11 — a21a12 11

-1
az1a12
Moz = | a22 —
arl

ail
az2a11 —az1a12

These results agree with our general formula for the inverse of a 2 X 2 ma-
trix. By back substitution, we can work out row 1 of the inverse in the same
way. We get

m 422
11 =
a22a11 — Q21412
12
ar (12)
miy = —

az2a11 — a21a12

The process is essentially reducing the matrix on the left to the identity
matrix, after which the elements in the augmented columns will be the in-
verse. It is more easily understood by working through an example.

Example 1. Using Gaussian elimination, find the inverse of

-1 2 1
A=] 0 1 =2 (13)
1 4 -1
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In this case, we want the multiply-augmented matrix to have the three
columns of the 3 x 3 identity matrix, so we write

[ -1 2 1|1
0 1 =210
1 4 —11]0

Using Gaussian elimination, we add row 1

[ -1 2 11
0 1 =2

0 6 0|1

We then subtract 6 times row 2 from row 3:

-1 2
0 1
0 O

1|1
-210
12 |1

Dividing row 3 by 12 we get

-1 2
0 1
0 0

1
-2
1

1
0
1

12

—6

0
1

B[—

Thus row 3 of the inverse has the elements %,
back substitution to get the other 2 rows. Adding 2 times row 3 to row 2 we

get
-1 2 11110
0 10 % 0
1
0 0 1|17]—3
Next we subtract row 3 from row 1
r 11| 1
-1 20 ? 5
0 10 § 0
1
| 0 0 1| |—3
Now subtract 2 times row 2 from row 1
r 7 1
-1 0 O ? 5
0 10 § 0
1
| 0 0 1| |—3
Finally, multiply row 1 by —1
7 1
1 00|—1]|—3
010 % 0
00 1| |—12

(14)

(15)

(16)

(17)

- So o

—5 and % We can now use

0

% (18)
12

|-
12

% (19)
12

i -
12

% (20)
12

&

g 1)
12
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Thus the inverse of A is

=

D —

Slt—c\h—tslm

(22)



