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There are several ways of defining the product of two matrices. We’ll
look at the most common definition here.

In order for the product AB of two matrices A and B to be defined, with
A on the left and B on the right, the number of columns of A must equal
the number of rows of B. So let’s assume A is a p X r matrix and B is a
r X ¢ matrix. Then the product is defined as

Definition 1. The product AB has elements
'S
(AB),; = Z (A)ir, (B) i (D
k=1

That is, to find element (AB),; we multiply the ith row of A into the jth
column of B, by multiplying corresponding pairs of elements and adding
up the result.

Example 1. Find AB where
A=[1 6] 2)

2 -1 -4
32{7 3 9} )

Since A is a 1 x 2 matrix and B is 2 x 3, they satisfy the condition that the
number of columns of A equals the number of rows of B, and the product
will be a 1 x 3 matrix. Then we have

(AB), =1x(-1)+6x3=17 4)

Thus we have

AB=[44 17 50] )
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Note that the product BA is not defined in this case, as the rows-columns
requirement is not met. Thus in this case, matrix multiplication is not com-
mutative.

LAWS OF MATRIX MULTIPLICATION

We might wonder if matrix multiplication is commutative in the special
case of multiplying two square matrices of the same size, since in this case,
the rows-columns requirement is met. However, in general, this is not the
case, as we can see by another example.

Example 2. Let

E:[; j] ©)
34
We then get
o[ 2 3]
FE:[%? Zé];&EF )

Despite not being commutative, matrix multiplication is associative and
distributive. That is

A(BC) = (AB)C
A(B£C) = AB+ AC (10)
(A+B)C = AC £ BC

The proof of associativity is given in Noble & Daniel, as is the proof that
A(B+C) = AB+ AC. These proofs are done by considering the indi-
vidual elements of the matrices involved. We’ll give the following as an
example of how this is done.

Example 3. Prove that (A — B) C'= AC — BC'. Writing out the expression
in element form, where all matrices are square with dimension p X p, we
have

I
M=
BN

wy)

(A=B)C); i (11)
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- f (¢4)ix (Chas — (B <0>kj) (13)

- f i 14)
k=1 k=1

= (AC),;; — <BC>ij (15)

We can see from the above that although matrix multiplication does obey
some of the rules of multiplication of ordinary numbers, it doesn’t obey
all of them. Another important exception is that we can’t cancel a common
matrix factor from both sides of an equation. For example, suppose we have

o

= 3 4]

Fq 5]
J = 37 (16)

100

K=10 0]

We get

HK = o =JK (17)

=3 0=

However, we can’t cancel the matrix K from both sides to get H = J.

POWERS OF A MATRIX

A square matrix can be raised to a power by multiplying by itself a num-
ber of times. This is written used the usual notation for exponents. Thus

A2 = AA

A3 = AAA
(18)

A" = AA...A; ntimes

Calculating large (or even not so large) powers can be tedious and error-
prone if done by hand. Fortunately, we can use software packages such as
Maple or Matlab to do these for us. It’s interesting to note that powers of
some matrices appear to tend to finite limits, while others diverge. Here are
a few examples, calculated using the LinearAlgebra package in Maple.

Example 4. Given

06 05
A= { 02 12 } (19)
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(20)
—0.663008313600000 1.16050351040000

4200 _ —1.37330831755609 x 1072  —1.68257273977553 x 102
T | 6.73029095910204 x 10719 —3.39239560528671 x 10—°

A10 [ —0.828521430399999 1.65752078400000 ]

2D
In this case, A" appears to be converging to the zero matrix.
Example 5. Given
0.6 0.5
B= { —-0.16 1.2 ] (22)

5200 _ —0.999999999999983  2.49999999999996 (23)
| —0.799999999999987  1.99999999999997

A slight adjustment in the 2,1 element from —0.2 to —0.16 causes the pow-
ers to converge (apparently) to

" -1 25
B = { 08 2 )
Example 6. Another slight adjustment in the same element gives us
[ 06 05
01 1.2 } (23)
(200 _ [ —4.74763191151151 x 107  2.37381595575576 x 108 26)
— | —4.74763191151151 x 107 2.37381595575576 x 10
300 _ [ —6.54252749047093 x 10'!  3.27126374523547 x 102
~ | —6.54252749047093 x 101 3.27126374523547 x 1012
(27)

In this case, the powers appear to diverge, but the top row becomes equal to
the bottom row.
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