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The transpose of a matrix A, written AT , is the matrix A with its rows

and columns interchanged. That is, for a p× q matrix A:〈
AT
〉
ij
= 〈A〉ji for 1≤ i≤ p; 1≤ j ≤ q (1)

For a non-square matrix A of dimensions p× q, AT has dimensions q×p.
The hermitian transpose of a matrix B, written B† 1 is the complex con-

jugate of the transpose. That is (where an overline indicates complex con-
jugate): 〈

B†
〉
ij
= 〈B〉ji (2)

Example 1. Given

A=

[
1 2 3
4 5 6

]
(3)

we have for its transpose

AT =

 1 4
2 5
3 6

 (4)

Example 2. Given

B =

 5i −3 2+6i
5 7−3i −14

7+9i 2i 8

 (5)

we have for its hermitian transpose

B† =

 −5i 5 7−9i
−3 7+3i −2i

2−6i −14 8

 (6)

1Noble & Daniel use the notation BH , but we’ll stick with the notation B† usually used
in physics.
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A matrix is symmetric if its transpose is equal to the original matrix. That
is 〈

AT
〉
ij
= 〈A〉ij (7)

A matrix is hermitian if its hermitian transpose is equal to the original ma-
trix. That is 〈

B†
〉
ij
= 〈B〉ij (8)

Because symmetric and hermitian matrices must have the same dimensions
when they are transposed, they must be square matrices.

Theorem 1. Laws for matrix transposes.

(
AT
)T

= A (9)(
B†
)†

=B (10)

(A±B)T = AT ±BT (11)

(A±B)† = A†±B† (12)

(cA)T = cAT (13)

(cB)† = cB† (14)

(AB)T =BTAT (15)

(AB)† =B†A† (16)

Proof. Relation 9 is true because if we swap rows and columns and then
swap them back again, we get the same matrix. Relation 10 follows for
the same reason, except we now take the complex conjugate twice, which
restores the original complex numbers.

Relation 11 follows by considering elements. We have〈
(A±B)T

〉
ij
= 〈A±B〉ji (17)

= 〈A〉ji±〈B〉ji (18)

=
〈
AT
〉
ij
±
〈
BT
〉
ij

(19)

A similar calculation proves 12.
Relation 13 again follows by considering elements. We have〈

(cA)T
〉
ij
= 〈(cA)〉ji (20)

= c〈A〉ji (21)
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= c
〈
AT
〉
ij

(22)

Relation 14 is similar, but involves taking the complex conjugate:〈
(cA)†

〉
ij
= 〈(cA)〉ji (23)

= c〈A〉ji (24)

= c
〈
A†
〉
ij

(25)

Relation 15 is proved in Noble and Daniel, again by considering elements.
A similar procedure works for 16. We consider the matrix A to have di-
mension p×r and B to have dimension r×q. Then, using the properties of
matrix multiplication〈

(AB)†
〉
ij
=
〈
(AB)

〉
ji

(26)

=
r

∑
k=1
〈A〉jk〈B〉ki (27)

=
r

∑
k=1

〈
A†
〉
kj

〈
B†
〉
ik

(28)

=
r

∑
k=1

〈
B†
〉
ik

〈
A†
〉
kj

(29)

=
〈
B†A†

〉
ij

(30)

�

Example 3. A couple of other results follow. For example, we can extend
15 and 16 to products of more than two matrices. That is

(AB .. .CD)T =DTCT . . .BTAT (31)

This follows by induction. We know that (AB)T =BTAT , so the statement
is true for two matrices. We now assume it’s true for n matrices and show
it’s true for n+ 1. That is, we assume that 31 is true when there are n
matrices in the product. If we now insert an additional matrix, we have

(AB .. .CDE)T (32)

However, we can treat the product of the first n matrices as a single matrix
M = AB .. .CD. Then we have

(ME)T = ETMT (33)

= ET (AB .. .CD)T (34)

https://physicspages.com/pdf/Linear%20algebra/Matrix%20multiplication%20and%20powers%20of%20a%20matrix.pdf
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= ETDTCT . . .BTAT (35)

Example 4. If A is symmetric, then An is symmetric, for all n ≥ 1. Con-
sider n= 2. Then, because AT = A:(

A2)T = (AA)T = ATAT = AA= A2 (36)

Thus by the same reasoning as above, we can use induction. We assume
that An is symmetric for n ≥ 1. We know it’s true for n = 2. Therefore if
we consider n+1 we have(

An+1)T = (AnA)T = AT (An)T = AAn = An+1 (37)

Similar reasoning shows that if B is hermitian, then so is Bn.

Note that these last couple of examples use previous results to prove
them, so we don’t need to resort to considering individual matrix elements.
Thus matrix notation gives us a powerful method of finding a proving fur-
ther results.
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