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We’ll examine a model of a linear triatomic molecule such as carbon

dioxide (but not water, which isn’t linear). In Fig. 1 we see the setup.
The atoms in the molecule are m at position X1, M at position X2 and m

at position X3. The atoms are connected by spring-like forces, with spring
constant k. The vertical lines represent the rest positions of each of the
atoms. From Hooke’s law, the force exerted by a spring is

F = kx (1)

where x is the extension or compression of the spring. From Newton’s law
F = ma we can write down the equations of motion of each of the three
masses.

ForX1, the force is due to the left-hand spring. Its extension (or compres-
sion) is found by considering that if we moveX1 in the positive (right-hand)
direction, the spring is compressed, so the force is to the left. Similarly,
if we move X2 to the right, the spring is extended, so the force is to the
right. Therefore, the net extension (or compression) of the spring is given
by X2 −X1 so the equation of motion is

F1 =mẌ1 =−k (X1 −X2) (2)

FIGURE 1. Triatomic molecule.
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For the middle mass M , it feels forces from both the left and right-hand
springs. From the left, the force is equal and opposite to F1, while to the
right it is −k (X2 −X3) so we have

F2 =MẌ2 = k (X1 −X2)−k (X2 −X3) (3)

= k (X1 −2X2 +X3) (4)

Finally, the equation for the right-hand mass m is similar to F1 so we have

F3 =−k (X3 −X2) (5)

Since the motion is expected to be periodic, we look for a solution in-
volving sines and cosines. We propose

X1 (t) = ξ1 sinωt+η1 cosωt (6)

X2 (t) = ξ2 sinωt+η2 cosωt (7)

X3 (t) = ξ3 sinωt+η3 cosωt (8)

It’s an assumption that the frequency ω is the same in all cases, but we’ll
use this and see where we get to.

Substituting these equations into the three equations for the forces we get
after rearranging terms (to reduce clutter, I’ll use s≡ sinωt and c≡ cosωt):

m
(
−cη1ω

2 − ξ1ω
2s
)
+k (η1c−η2c+ ξ1s− ξ2s) = 0 (9)

M
(
−η2ω

2c−ω2sξ2
)
−k (η1c−2η2c+η3c+ ξ1s−2ξ2s+ ξ3s) = 0 (10)

m
(
−η3ω

2c− ξ3ω
2s
)
+k (−η2c+η3c− ξ2s+ ξ3s) = 0 (11)

The only way all these equations can be satisfied for all times t is if the
coefficients of the sine and cosine are identically zero. So we rearrange
these equations to sort out these coefficients and we get, where the first
equation in each pair is the coefficient of the sine and the second equation
is the coefficient of the cosine. For X1:

−mω2ξ1 +k (ξ1 − ξ2) = 0 (12)

−mω2η1 +k (η1 −η2) = 0 (13)

For X2 we have

−Mω2ξ2 − (ξ1 −2ξ2 + ξ3)k = 0 (14)

−Mω2η2 − (η1 −2η2 +η3)k = 0 (15)

And for X3

−mω2ξ3 +k (−ξ2 + ξ3) = 0 (16)

−mω2η3 +(−η2 +η3)k = 0 (17)



OSCILLATIONS IN A TRIATOMIC MOLECULE 3

First, we note that in each pair of equations, the second equation has the
same form as the first, except the ξis are replaced with the ηis. Next, we
note that k,m and M are all assumed to be known quantities, so we’re
looking for values for the ξi, ηi and ω. We can represent these equations in
matrix form by defining

K =

 k −k 0
−k 2k −k
0 −k k

 (18)

µ=

 m 0 0
0 M 0
0 0 m

 (19)

We then have (
K−ω2µ

)
X = 0 (20)(

K−ω2µ
)
Y = 0 (21)

where

X =

 ξ1
ξ2
ξ3

 (22)

Y =

 η1
η2
η3

 (23)

[You can verify this by direct substitution to see that you get the 6 equations
above.]

From 20 or 21, we see that this is a matrix equation with a 3× 3 matrix
multiplied into a 3× 1 matrix, with the result being the 3× 1 zero matrix.
The key point here is that if the matrix K−ω2µ has an inverse, say Z, so
that Z

(
K−ω2µ

)
= I , the identity matrix, then we can multiply 20 and 21

through by this inverse to get

Z
(
K−ω2µ

)
X = IX =X = 0 (24)

In other words, the only solution in this case is X = 0, which represents
the equilibrium state with no motion. To provide a solution which allows
oscillation, the matrix K−ω2µ must not have an inverse. In other words, it
must be singular. A singular matrix has a zero determinant, so the condition
we’re looking for is

det
(
K−ω2µ

)
= 0 (25)

https://physicspages.com/pdf/Linear%20algebra/Singular%20and%20nonsingular%20matrices.pdf
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I used Maple to calculate the determinant, to get

det
(
K−ω2µ

)
=−Mm2ω6+2Mkmω4+2km2ω4−Mk2ω2−2k2mω2 = 0

(26)
One solution is ω= 0 so if we exclude this we can divide through by ω2 and
factor the result (using Maple) to get

−
(
−mω2 +k

)(
−Mmω2 +k (M +2m)

)
= 0 (27)

Thus there are two solutions:

ω2 =

{
k
m
k(M+2m)

Mm

(28)

With k = 12,m= 2 and M = 6 we have

ω2 =

{
6
10

(29)

These frequencies are independent of the ξi and ηi. To determine the ξis and
ηis, we need to specify initial conditions for theXi and their first derivatives
Ẋi. This would then give us 6 linear equations in 6 unknowns which we
could solve in the usual way or by using Maple.


