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A matrix A can be partitioned into several submatrices by drawing lines
horizontally and/or vertically to separate the rows and columns. For exam-
ple, given

1 23
A=14 5 6 (1)
7 89
we can partition it as shown:
1 2(3]
A=|4 5|6 :H“ ilz} )
789 21 A22
where
1 2
An=1y 5}
[ 3
A12=_6} 3)
Ay =1[7 8]
Ap =[9]

Two matrices that have been partitioned can be multiplied provided that the
conditions for multiplication are met between each pair of submatrices.

Example 1. Given A as above and

10 11
B=|12 13 4)
14 15
We partition B to get
10 11
B=|12 13 :[gll )
14 15 2
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where
10 11
B = { 12 13 } (6)
B, = [ 14 15 ]
The product AB can then be written as
An Anp B
AB = X 7
{ Ay Ax B, 2
_ | AuBi+AnB )
A B+ AnB;
The matrix products are
AnbBi = { 100 109}
42 45
AnbB = { 84 90} ©)
Ay By =166 181 |
Ap By = [ 126 135 ]
Doing the sums, we get
76 82
AB= | 184 199 (10)
292 316

This result agrees with doing the matrix product AB directly, without using
partitions. Note that this works because the dimensions of the submatrices
in [8] match up to give sensible products. That is, the term A B is the
product of a 2 x 2 matrix Aj; with another 2 x 2 matrix By, giving a2 x 2
matrix as the product, and A1, B; is the product of a 2 x 1 matrix A, with
a 1 x 2 matrix B, giving a 2 X 2 matrix as the product.

Partitioning gives an alternative way of calculating a general matrix prod-
uct. Usually, when multiplying A into B, we think of multiplying the rows
of A into the columns of B. However, we can also do it by multiplying the
columns of A into the rows of B. Suppose A is a p x r matrix and B is a
r X ¢ matrix (so the product AB is a p X ¢ matrix). We partition A into in-
dividual columns Aj, Ay, ..., A, and B into individual rows By, By, ..., B;.
Then each A; is a p x 1 matrix (p rows and 1 column), and each B; isa 1 x ¢
matrix (1 row and ¢ columns). The product A; B; thus gives a p X ¢ matrix,
where the entries are

(AiBi) i, = (4i); (Bi)y, (11)
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However, the element (A;), is actually the element (A) ;; from the original
matrix A (the ith element in row j), while (B;),. is the element (B),, from
the original matrix B (the ¢th element in column k). Therefore, if we sum

over ¢ we have
'

Y (AiBi) =Y (Ai); (Bi)y (12)
i=1 i=1
,
=2 (A);i (B (13)
i=1
= (AB); (14)
Thus the sum over i of A; B; gives the product AB.
Example 2. We can verify this with a specific example. Given
0 -1 -3
A:_z 1-2i 6 ] (13)
[ 20 -1
B=| 3 6 (16)
i -1 241
We have
[0 :
AlBlz_z][zz -1 ] (17)
[0 0
4 -2 } (18)
[ -1
Aszz_l_zi}B 6 | (19)
-3 —6
= 3-6i 6—12@} 20)
[ -3 .
A3B3 = 6 1 [ -1 244 ] 21)
3 —6-3i
=| =6 12+6i } @2)
Adding, we get
3 .
0 —12-3i
];AJ‘BJ_ { ~3-2i 16—6i ] (23)

If we multiply AB directly using the usual method, we get the same result.



