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The growth or decline of a population can be modelled by using recur-

rence relations, many of which use matrices to map the progress from one
instant of time to the next. As a simple example, suppose we have a popu-
lation with a size pi at time i, and that over the course of one time period (it
could vary from minutes for bacteria to years for mature plants or animals)
a fraction b of the population are born and another fraction d die off. Then
the change in population between times i and i+1 is

pi+1−pi = bpi−dpi (1)

This gives rise to the recurrence relation

pi+1 = (1+ b−d)pi (2)

If we start with p0 then the population at time i+1 is given by

pi+1 = (1+ b−d)i p0 (3)

This can be viewed as a matrix equation, but the matrix A is only 1×1, so
we have

A= [1+ b−d] (4)

and
pi+1 = Aip0 (5)

Example 1. Suppose we have two species of fungi, A and B. The parame-
ters are

Species b d p0
A 0.2 0.1 1000
B 0.3 0.15 10

Then the recurrence relations are

pA,i = (1+0.2−0.1)i 1000 = (1.1)i 1000 (6)

pB,i = (1+0.3−0.15)i 10 = (1.15)i 10 (7)
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Even though species A starts off with a larger population, species B will
eventually catch up due to the greater factor of 1.15 > 1.1. We can find the
generation where the two populations are equal by solving

(1.1)x 1000 = (1.15)x 10 (8)

This can be done using logarithms, but I just used Maple to find that

x= 103.6 (9)

Thus after 104 generations, population B will be greater than population A.
Both populations explode however, and at generation 104 we have

pA = 2.0176×107

pB = 2.0539×107 (10)

Example 2. Another slightly more involved example concerns a single pop-
ulation where the death rate is proportional to the population size, but the
birth rate depends on the number of pairs of individuals. If we have a popu-
lation pi then the number of possible pairings is the binomial coefficient

(pi
2

)
which is the number of ways of choosing 2 individuals from a population
of size pi: (

pi
2

)
=

pi!
(pi−2)!2!

=
pi (pi−1)

2
(11)

Thus the recurrence relation is

pi+1 = pi−dpi+ b
pi (pi−1)

2
(12)

We can find the population size that is in equilibrium (doesn’t change
from one generation to the next) by solving 12 for pi+1 = pi ≡ x. We find

x=
b+2d

b
(or 0) (13)

For sizes less than this, the population eventually dies out, while for larger
sizes, it grows without limit. For b = 0.0008 and d = 0.3, the equilibrium
is at x = 751. In this case, the equilibrium is unstable, since populations
on either side of it move further away from the equilibrium. (This was
demonstrated by using Maple to examine different

Example 3. We can reverse the roles in the previous example by taking the
birth rate proportional to the population size and the death rate proportional
to the number of pairs. This would model a population that reproduces
asexually (by simple cell division, for example) but where deaths are due to
pairs of individuals fighting each other. In this case we have

pi+1 = pi+ bpi−d
pi (pi−1)

2
(14)
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The equilibrium occurs when

pi =
2b+d

d
(or 0) (15)

In this case, populations greater than this shrink, while smaller ones grow.
In this case, the equilibrium is stable, as initial populations on either side
converge towards the limit in 15.

Example 4. A simple model of a predator-prey population is as follows.
Suppose we have populations of foxes and chickens, where the foxes eat
the chickens. The model proposes that

Fi+1 = 0.6Fi+0.5Ci (16)
Ci+1 =−kFi+1.2Ci (17)

where Fi (Ci) is the fox (chicken) population in generation i. This model
shows that, without chickens to feed on (Ci = 0), the foxes reproduce at
a rate of 0.6 which means they will eventually die out. Without foxes to
prey on them, the chickens reproduce at a rate of 1.2, so their population
will grow without limit. However, when the populations are mixed, the fox
reproduction rate in increased by 0.5Ci since they now have a source of
food, but the chicken population will decrease by a −kFi where k is the
rate at which foxes kill chickens.

We can represent this by a matrix equation

Xi+1 = AXi (18)

where

Xi =

[
Fi

Ci

]
A=

[
0.6 0.5
−k 1.2

] (19)

Given starting values X0 for the populations, we can find the populations at
future times, since

Xi = AiX0 (20)

We’ll take

X0 =

[
100

1000

]
(21)

We can explore what happens with various values of k. By experimenting
with Maple, we find that k = 0.16 produces stable populations, with

Ai→
[
−1 2.5
−0.8 2

]
(22)
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Xi→
[

2490
1992

]
(23)

Values of k even slightly different produce either populations expanding
without limit, or dying out. For example, k = 0.159 causes a population
explosion in both foxes and chickens, while k = 0.161 causes both popula-
tions to die out. After 10000 generations with k = 0.159 we find

A10000 =

[
−4.96276948550541×1010 1.25620339085499×1011

−3.99472678291886×1010 1.01116712047545×1011

]
X10000 =

[
1.20657569599993×1014

9.71219852646257×1013

]
(24)

With k = 0.161 we find

A10000 =

[
−1.01408547339366×10−11 2.50351843223828×10−11

−8.06132935180723×10−12 1.99013664529226×10−11

]
X10000 =

[
2.40210988489891×10−8

1.90952335177419×10−8

]
(25)


