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A nonsingular matrix is a square matrix that has an inverse and a singular

matrix is a square matrix that does not have an inverse. If a square matrix
has an inverse, it is both a left and right inverse and is unique. Frequently
we need to determine whether a square matrix is singular or nonsingular.
There are various ways this can be done, but here we’ll consider the most
straightforward (although not necessarily the easiest) method. As in finding
any inverse (left, right or two-sided), we can solve a set of linear equations
to find the elements of the inverse. If no such solution exists, then the matrix
does not have an inverse.

Example 1. Given

A=

[
−8 −3
5 2

]
(1)

determine if it has an inverse and if so, find it. We seek the inverse matrix

A−1 =

[
a b
c d

]
(2)

such that

AA−1 = I =

[
1 0
0 1

]
(3)

This gives us the set of equations

−8a−3c= 1
5a+2c= 0
−8b−3d= 0

5b+2d= 1

(4)

This set decouples into two sets of two equations, with the first involving
only a and c, and the second only b and d. We can solve these in the usual
way. For example, multiply the first equation by 5 and the second by 8 to
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get

−40a−15c= 5
40a+16c= 0

(5)

Add these and solve for c to get c= 5 and then substitute back to get a=−2.
Similarly, we find that b=−3 and d= 8. Thus the inverse is

A−1 =

[
−2 −3
5 8

]
(6)

Since a solution exists, A is nonsingular.

Example 2. Given

B =

[
4 −3
−8 6

]
(7)

determine if it is nonsingular. As above, we see B−1

B−1 =

[
a b
c d

]
(8)

and form the set of equations

4a−3c= 1
−8a+6c= 0

4b−3d= 0
−8b+6d= 1

(9)

If we try the same method as before, we multiply the first equation by 2 and
add to the second to get

8a−6c−8a+6c= 1 (10)

or 0 = 1. Thus there is no solution and this matrix is singular, and has no
inverse.

For a general 2× 2 matrix, we can work out a general rule for telling if
the matrix singular or nonsingular. Consider

A=

[
a b
c d

]
(11)

We seek

A−1 =

[
e f
g h

]
(12)

such that

AA−1 =

[
1 0
0 1

]
(13)
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This gives us the equations
ae+ bg = 1
af + bh= 0
ce+dg = 0
cf +dh= 1

(14)

where a,b,c,d are assumed to be known and we want to find e,f,g,h. We
can solve these as follows. First, multiply the first equation by c and the
third by −a to get

ace+ bcg = c

−ace−adg = 0
(15)

Adding and solving for g gives

g =
c

bc−ad
(16)

Introducing the symbol
∆≡ ad− bc (17)

which is known as the determinant of A, we have

g =− c

∆
(18)

We can find the other three elements in a similar way. To find h, multiply
the second of 14 by c and the fourth by −f , add and solve for h to get

h=
a

∆
(19)

The other two elements are

e=
d

∆

f =− b

∆

(20)

Thus the general inverse is

A−1 =
1
∆

[
d −b
−c a

]
(21)

Thus the inverse exists only if ∆ 6= 0. If ∆ = 0, than A is singular; otherwise
it is nonsingular.

Applying this result to the two examples above, we see that, for A in 1

∆ =−16+15 =−1 6= 0 (22)

and for B in 7
∆ = 24−24 = 0 (23)
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Example 3. Given A and B such that both are nonsingular, and their sum
A+B is also nonsingular, can we show that A−1+B−1 is also nonsingular?
The best way of doing this involves actually finding the inverse. In Noble
and Daniel’s problem 1.4.17, we are given the candidate(

A−1 +B−1)−1
= A(A+B)−1B (24)

To show this works, multiply both sides on the left by
(
A−1 +B−1). Then

we get on the left (
A−1 +B−1)(A−1 +B−1)−1

= I (25)

and on the right(
A−1 +B−1)A(A+B)−1B = A−1A(A+B)−1B+B−1A(A+B)−1B

(26)

= (A+B)−1B+B−1A(A+B)−1B (27)

=
(
I+B−1A

)
(A+B)−1B (28)

=B−1 (B+A)(A+B)−1B (29)

=B−1IB (30)

=B−1B (31)
= I (32)

Thus 24 is indeed the correct inverse.
We can show the inverse can also be written as(

A−1 +B−1)−1
=B (A+B)−1A (33)

We multiply both sides of 33 on the right by
(
A−1 +B−1). On the left, we

have (
A−1 +B−1)−1 (

A−1 +B−1)= I (34)
On the right, we get

B (A+B)−1A
(
A−1 +B−1)=B (A+B)−1AA−1 +B (A+B)−1AB−1

(35)

=B (A+B)−1 +B (A+B)−1AB−1 (36)

=B (A+B)−1 (I+AB−1) (37)

=B (A+B)−1 (B+A)B−1 (38)

=BIB−1 (39)

=BB−1 (40)
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= I (41)

Since the inverse of a square matrix is unique, we must have

A(A+B)−1B =B (A+B)−1A (42)

Example 4. We can verify the formulas in Example 3 by using Maple to
calculate the inverses. Consider

A=


2 −1 0 0
−1 2 −1 0
0 −1 2 −1
0 0 −1 2

 (43)

B = 3I =


3 0 0 0
0 3 0 0
0 0 3 0
0 0 0 3

 (44)

We then have

A−1 =


4
5

3
5

2
5

1
5

3
5

6
5

4
5

2
5

2
5

4
5

6
5

3
5

1
5

2
5

3
5

4
5

 (45)

B−1 =


1
3 0 0 0
0 1

3 0 0
0 0 1

3 0
0 0 0 1

3

 (46)

A−1 +B−1 =


17
15

3
5

2
5

1
5

3
5

23
15

4
5

2
5

2
5

4
5

23
15

3
5

1
5

2
5

3
5

17
15

 (47)

(A+B)−1 =


115
551

24
551

5
551

1
551

24
551

120
551

25
551

5
551

5
551

25
551

120
551

24
551

1
551

5
551

24
551

115
551

 (48)

Doing the multiplications, we have

A(A+B)−1B =


618
551 −216

551 − 45
551 − 9

551
−216

551
573
551 −225

551 − 45
551

− 45
551 −225

551
573
551 −216

551
− 9

551 − 45
551 −216

551
618
551

 (49)
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B (A+B)−1A=


618
551 −216

551 − 45
551 − 9

551
−216

551
573
551 −225

551 − 45
551

− 45
551 −225

551
573
551 −216

551
− 9

551 − 45
551 −216

551
618
551

 (50)

We see that 42 is verified. Further, if we calculate

A(A+B)−1B
(
A−1 +B−1)=


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1

 (51)

we do indeed get the 4×4 identity matrix.
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