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A symmetric matrix A is one whose transpose equals the original matrix,

so AT = A. A skew-symmetric matrix is one whose transpose is equal to
skew-symmetric
matrixthe negative of the original, so

AT =−A (1)

In terms of matrix elements, this means

〈A〉ij =−〈A〉ji (2)

Although any matrix of any dimension p× q can have a transpose, sym-
metric and skew-symmetric matrices must always be square matrices, since
interchanging rows and columns must produce a matrix with the same di-
mensions.

The diagonal elements of a skew-symmetric matrix must all be zeroes,
since from 2 the diagonal elements must satisfy 〈A〉ii =−〈A〉ii which can
be true only if 〈A〉ii = 0.

For any square matrix M , the difference M −MT is skew-symmetric.
We can see this by considering the elements:

〈
M −MT

〉
ij
= 〈M〉ij−〈M〉ji (3)〈(

M −MT
)T〉

ij

=
〈
MT −M

〉
ij

(4)

= 〈M〉ji−〈M〉ij (5)

=−
〈
M −MT

〉
ij

(6)

Similarly, the sum M +MT is symmetric:〈
M +MT

〉
ij
= 〈M〉ij + 〈M〉ji (7)
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M +MT

)T〉
ij

=
〈
MT +M

〉
ij

(8)

= 〈M〉ji+ 〈M〉ij (9)

=
〈
M +MT

〉
ij

(10)

We can decompose every square matrix A into a sum of a symmetric and
a skew-symmetric matrix:

A=
1
2

(
A+AT

)
+

1
2

(
A−AT

)
(11)

Working out the sum, we get
1
2

(
A+AT

)
+

1
2

(
A−AT

)
=

1
2
(A+A)+

1
2

(
AT −AT

)
(12)

= A (13)

This decomposition is unique. To show this, suppose there is another sym-
metric matrix B and skew-symmetric matrix C such that

A=B+C (14)

Then, for the transpose we have

AT =BT +CT (15)
=B−C (16)

Solving this together with 14 we have

A+AT =B+C+B−C (17)

so

B =
1
2

(
A+AT

)
(18)

Substituting this back into 14 we have

A=
1
2

(
A+AT

)
+C (19)

so

C = A− 1
2

(
A+AT

)
(20)

=
1
2

(
A−AT

)
(21)

Thus the decomposition 11 is unique.
We can define a skew-hermitian matrix H as one whose hermitian trans-

skew-hermitian
matrixpose is the negative of the original. That is

H† =−H (22)
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All of the derivations above for a skew-symmetric matrix apply to skew-
hermitian matrices, since we assumed nothing about the matrix A except
that is was square. Thus we also have for an arbitrary square matrix A

A=
1
2

(
A+A†

)
+

1
2

(
A−A†

)
(23)

Finally, we can decompose an arbitrary hermitian matrix H as follows:

H =R+ iC (24)

where R is a real symmetric matrix and C is a real skew-symmetric matrix,
and i=

√
−1. A hermitian matrix satisfies〈

H†
〉
ij
= 〈H〉ji (25)

Taking the hermitian transpose of 24 we have

H† =R†− iC† (26)

For real matrices, the hermitian transpose is the same as the ordinary trans-
pose, so we have

H† =RT − iCT (27)
=R+ iC (28)
=H (29)


